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Abstract 

In this paper, we study the structure of a general framed vertex operator algebra 
(VOA). We show that the structure codes (C, D) of a framed VOA V satisfy certain 
duality conditions. As a consequence, we prove that every framed VOA is a simple 
current extension of the associated binary code VOA Vc- This result suggests 
the feasibility of classifying framed vertex operator algebras, at least if the central 
charge is small. In addition, the pointwise frame stabilizer of V is studied. We 
completely determine all automorphisms in the pointwise stabilizer, which are of 
order 1, 2 or 4. The 4A- twisted sector and the 4A- twisted orbifold theory of the 
famous moonshine VOA F'' are also constructed explicitly. We verify that the top 
module of this twisted sector is of dimension 1 and of weight 3/4 and the VOA 
obtained by 4A-twisted orbifold construction of is isomorphic to itself. 
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1 Introduction 



A framed vertex operator algebra V is a simple vertex operator algebra (VOA) which 
contains a sub VOA F called a Virasoro frame isomorphic to a tensor product of n- 
copies of the simple Virasoro VOA L(^/2: 0) such that the conformal element of F is the 
same as the conformal element of V . There are many important examples such as the 
moonshine VOA V'^ and the Leech lattice VOA. In jPGH] . a basic theory of framed 
VOAs was established. A general structure theory about the automorphism group and 
the frame stabilizer, the subgroup which stabilizes F setwise, was also included. Moreover, 
Miyamoto |M3] showed that iiV = (BneiYn is a framed VOA over M such that V has a 
positive definite invariant bilinear form and Vi = 0, then the full automorphism group 
Aut(y) is finite (see also |Mll IM2] ). Hence, the theory of framed VOA is very useful in 
studying certain finite groups such as the Monster. 

It is well-known (cf. |DMZl IDGHl [MS]) that for any framed VOA V with a frame F, 
one can associate two binary codes C and _D to ^ as follows. 

Since F ^ -^(V2, 0)®" is a rational vertex operator algebra, V is completely reducible 
as an F-module. That is, 

hie{0,l/2,l/16} 

where mhi,...,hr is the multiplicity of the F-module L{}-/2,hi) ® ■ ■ • ® L(^/2,hn) in V. In 
particular, all the multiplicities are finite and mh^^,,,^hr is at most 1 if all hi are different 
from 1/16. 

Let M = Li}/2, hi) L(}/2, hn) be an irreducible module over F . The 1/16-word 

(or T-word) t{M) of M is a binary codeword /3 = (/3i, . . . , /3„) G Z2 such that 

fo if hi = or 1/2, 

A = (1.1) 
I 1 if hi = 1/16. 

For any a G define V" as the sum of all irreducible submodules M of such that 
r(M) = a. Denote D := {a G Z2 | V"' 7^ 0}. Then D is an even linear subcode of 
and we obtain a D-graded structure on V = ©og_D^" such that ■ = V"'^^ . In 
particular, itself is a subalgebra and V can be viewed as a -D-graded extension of V^. 

For any 7 = (71, . . . , 7„) G Z2 , denote V{'^) := L{}/2, /ii) ® ■ ■ ■ ® L{^/2, hn) where hi = 
1/2 if 7j = 1 and hi = elsewhere. Set 

C := {7 G I m^,/2,...,^„/2 ^ 0}. 

Then V{0) = F and = ©76(7^(7)- The sub VOA forms a C-graded simple current 
extension of F which has a unique simple VOA structure |M2] . A VOA of the form 
= ©76(7^(7) is often referred to as a code VOA associated to C. 
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The codes C and D are very important parameters for V and we shall call them the 
structures codes of V with respect to the frame F. One of the main purposes of this 
paper is to study the precise relations between the structure codes C and D. As our 
main result, we shall show in Theorem 15.51 that for any a & D, the subcode Ca '■= {/? € 
C I supp(/3) C supp(q!)} contains a doubly even subcode which is self-dual with respect 
to a. From this we can prove that every framed VOA forms a D-graded simple current 
extension of a code VOA associated to C in Theorem 15 .Gi This shows that one can obtain 
any framed VOA by performing simple current extensions in two steps: first extend F to 
a code VOA Vc associated to C, then form a /^-graded simple current extension of Vc 
by adjoining suitable irreducible Vc-modules. The structure and representation theory of 
simple current extensions is well-developed by many authors |DMll IM21 IL31 lYll IY2j . It is 
known that a simple current extension has a unique structure of a simple vertex operator 
algebra. Since F is rational, this implies there exist only finitely many inequivalent framed 
VOAs with a given central charge. Therefore, together with the conditions on (C, D) in 
Theorem 15.51 our results provide a method for determining all framed VOAs with a fixed 
central charge, at least if the central charge is small. It is well-known that the structure 
codes (C, D) of a holomorphic framed VOA must satisfy C = (cf. [DGHt[M3] ). In this 
case, we shall describe some necessary and sufficient conditions which C has to satisfy. 
Namely, we shall show in Theorem 15 . 1 71 that there exists a holomorphic framed VOA with 
structure codes (C, C*-*") if and only if C satisfies the following. 

(1) The length of C is divisible by 16. 

(2) C is even, every codeword of C*-*" has a weight divisible by 
8, and 

c C. 

(3) For any a G C"*-, the subcode Ca of C contains a doubly 
even subcode 

which is self-dual with respect to a. 
We shall call such a code an F- admissible code. 

Since the conditions above provide quite strong restrictions on a code C, it is possi- 
ble to classify all the codes satisfying these conditions if the length is small. Once the 
classification of the F-admissible codes of a fixed length is done, one can consider the 
classification of holomorphic framed VOAs with the corresponding central charge since a 
holomorphic framed VOA is always a simple current extension of a code VOA. Based on 
the results of the present paper, one can also characterize the moonshine vertex operator 
algebra as the unique holomorphic framed vertex operator algebra of central charge 24 
with trivial weight one subspace (cf. |LYj . see also Remark I5.18p . It is a special case of 
the famous uniqueness conjecture of Frenkel-Lepowsky-Meurman |FLMj . 

In our argument, doubly even self-dual codes play an important role in prescribing 
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structures of framed VOAs, and it is also revealed that if we omit the doubly even property, 
then we lose the self-duality of certain summands V"' of V which will give rise to an 
involutive symmetry analogous to the lift of the (— l)-isometry on a lattice VOA Vl- By 
the standard notation as in |FLMj . a lattice VOA has a form 



where M(,(a) denotes the irreducible highest weight representation over the free bosonic 
vertex operator algebra M(,(0) associated to the vector space f) = C®z-^ with highest 
weight a G f)* = f). Since the fusion algebra associated to M(,(0) is canonically isomorphic 
to the group algebra C[f)], one has a duality relation M(,(q;)* ^ M(,(— a). This shows 
that there exists an order two symmetry inside the decomposition (11.21) . namely, we can 
define an involution 6 G Aut(VL) such that 6'M(,(a) = M[,(— a) which is an extension of an 
involution on M(,(0). However, since a framed VOA V has a decomposition V = (BaenV"' 
graded by an elementary abelian 2-group D, one cannot see the analogous symmetry 
directly from the decomposition. We shall show that by breaking the doubly even property 
in (C, D), we can find a pair of structure subcodes D^) with [C : C°] = [D : = 2 
such that one can obtain a decomposition 



which forms a {D'^ © Z4)-graded simple current extension of a code VOA associated to 
C^, where is the complement of in D. Actually, the main motivation of the present 
work is to obtain the decomposition above. In the study of McKay's E'g-observation on 
the Monster simple group |LYYll ILYY2j , the authors found that McKay's E'g-observation 
is related the conjectural Zp-orbifold construction of the moonshine VOA from the Leech 
lattice VOA for p > 2, where the case p = 2 is solved in |FLMl IY3j . Based on the 
decomposition (11. Sp . we can perform a Z4-twisted orbifold construction on VK 

The order four symmetry defined by the decomposition in (11.31) can be found as an 
automorphism fixing F pointwise. The group of automorphisms which fixes F pointwise 
is referred to as the pointwise frame stabilizer of V. We shall show that the pointwise 
frame stabilizer only has elements of order 1, 2 or 4 and it is completely determined by 
the structure codes {C,D). As an example, we compute the pointwise stabilizer of the 
Moonshine VOA V^^ associated with a frame given in |DGHl IM3] . A 4A-element of the 
Monster is described as an element of the pointwise frame stabilizer and the associated 
McKay- Thompson series is computed in the proof of Theorem 17.51 In addition, the 4A- 
twisted sector and the 4A-twisted orbifold theory of V''^ are constructed. We shall verify 
that the lowest degree subspace of this twisted sector is of dimension 1 and of weight 3/4, 



^L = 0M^(a) 



(1.2) 




(1.3) 



5 



and the VOA obtained by the 4A-twisted orbifold construction of is isomorphic to 
itself. 

Acknowledgment The authors thank Masahiko Miyamoto for discussions and valuable 
comments on the proof of Theorem I5.5[ They also thank Masaaki Kitazume and Hiroki 
Shimakura for discussions on binary codes. The second-named author wishes to thank 
Markus Rosellen for information on the associativity and the locality of vertex operators. 
Part of the work was done when the second author was visiting the National Center for 
Theoretical Sciences, Taiwan on February 2006. He thanks the staff of the center for their 
hospitality. 

Notation and Terminology In this article, N, Z and C denote the set of non-negative 
integers, integers, and the complex numbers, respectively. For disjoint subsets A and B 
of a set X, we use AU B to denote the disjoint union. Every vertex operator algebra 
is defined over the complex number field C unless otherwise stated. A VOA V is called 
of CFT-type if it has the grading V = ©„>oKi with Vq = CI. For a VOA structure 
(V, y (-, z), 1, u) on V, the vector u is called the conformal vecto^ of V. For simplicity, 
we often use (V, u) to denote the structure (V, Y{-, z), 1, u). The vertex operator Y{a, z) 
of a G y is expanded as Y{a, z) = J^nez^in)^'""'^- subsets A C V and _B C M of a 
^-module M, we set 

A ■ B := Span(^{a(„)f \ a ^ A,v E B,n E Z}. 

If M has an L(0)-weight space decomposition M = ©^o-^n+/i with Mh ^ 0, we call 
the to'p level or to'p module of M and h the to'p weight of M. The top level and top weight 
of a twisted module can be defined similarly. 

For c, /i G C, let L(c, h) be the irreducible highest weight module over the Virasoro 
algebra with central charge c and highest weight h. It is well-known that L(c, 0) has a 
simple VOA structure. An element e E V is referred to as a Virasoro vector with central 
charge Cg G C if e G V2 and it satisfies e(i)e = 2e and 6(3)6 = (l/2)cel. It is well-known 
that by setting L^{n) := e(„+i), n G Z, we obtain a representation of the Virasoro algebra 
on V (cf. [Ml]), i.e., 

[L''{m), L^i^n)] = (m - n)L''{m + n) + 6m+n,o — ^ — Cg. 

Therefore, a Virasoro vector together with the vacuum element generates a Virasoro VOA 
inside V. We shall denote this subalgebra by Vir(e). 

^We have changed the definition of the conformal vector and the Virasoro vector. In our past works, 
their definitions are opposite. 
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In this paper, we define a sub VOA of V to be a pair {U, e) sucli tliat ?7 is a subalgebra 
of V containing tfie vacuum element 1 and e is tlie conformal vector of U. Note that {U, e) 
inherits the grading of V, that is, U = ©„,>of^n. with = 14 H [/, but e may not be the 
conformal vector of V. In the case that e is also the conformal vector of V, we shall call 
the sub VOA {U, e) a full sub VOA§. 

For a positive definite even lattice L, we shall denote the lattice VOA associated to 
L hj Vl (cf. [FLM] ). We adopt the standard notation for Vl as in |FLMj . In particular, 

denotes the fixed point subalgebra of Vl by a lift of (— l)-isometry on L. The letter A 
always denotes the Leech lattice, the unique even unimodular lattice of rank 24 without 
roots. 

Given an automorphism group G of V, we denote by V'^ the fixed point subalgebra 
of G in V. The subalgebra is called the G-orbifold of V in the literature. For a 
l^-module {M,Ym{-, z)) and a G Aut(\^), we set Y^{a,z) := YM{o-a,z) for a eV. Then 
the a -conjugate module M" of M is defined to be the module (M, Y^j{-^ z)). 

We denote the ring Jj/pL by Zp with j» G Z and often identify the integers 0, 1, . . . , j> — 1 
with their images in Zp. An additive subgroup C of Z2 together with the standard Z2- 
bilinear form is called a linear code. For a codeword a = (ai, . . . ,«„) G C, we define 
the support of a by supp(a) := {z | ttj = 1} and the weight by wt(a) := |supp(a)|. For 
a subset A of G, we define supp(/l) := UQgyiSupp(a). For a binary codeword 7 G Zg 
and for any linear code G C Z2, we denote G^ := {a E G \ supp(a) C supp(7)} and 
:= {/3 G I supp(/3) C supp(7)}, where = {5 G Z^ | (a, 5) = for all a G C}. 
A subcode of C is called self-dual with respect to /3 G C if supp(iJ) = supp(/9) and 
H-^i^ = H (see also Definition I4.16p . The all-one vector is a codeword (11 ... 1) G Z2. For 
a = (ai, . . . , a„) and /3 G (/3i, . . . , G Z2, we define 

a- (3 := (ai/3i, . . . , G Z^. 

That is, the product a ■ (3 is taken in the ring Z2 . Note that a ■ /3 G (Zg)^ fl (Zg)^. 



2 Preliminaries on simple current extensions 

We shall present some basic facts on simple current extensions of a rational C2-cofinite 
vertex operator algebra of CFT-type. 

2.1 Fusion algebras 

We recall the notion of the fusion algebra associated to a rational VOA V. It is known 
that a rational VOA V has finitely many inequivalent irreducible modules (cf. |DLM2] ). 

^It is also called a conformal sub VOA in the literature. 
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Let Irr(V^) = {X* | 1 < i < r} be the set of inequivalent irreducible ^-modules. It 
is shown in |HL] that the fusion product X* Kly exists for a rational VOA V. The 
irreducible decomposition of X* Kly is referred to as the fusion rule 

r 

X* K x^' = x^. x^ (2.1) 

k=l 

where the integer Nj^j G Z denotes the multiplicity of X^ in the fusion product, and is 
called the fusion coefficient which is also the dimension of the space of all l^-intertwining 
operators of type X* x X^ — X'^. We shall denote by (x^ xo) v space of l^- intertwining 
operators of type X* x X^ — )■ X^. We define the fusion algebra (or the Verlinde algebra) 
associated to V by the linear space ViV) = ©[^j^CX* spanned by a formal basis {X* | 
1 < i < r} equipped with a product defined by the fusion rule f l2.ip . By the symmetry 
of fusion coefficients, the fusion algebra V{V) is commutative (cf. |FHL] ). Moreover, it is 
shown in |H3] that if V is rational, C2-cofinite and of CFT-type, then V{V) is associative. 
In this subsection, we assume that V is rational, C2-cofinite and of CFT-type. 

A \^-module M is called a simple current if for any irreducible l^-module X, the 
fusion product M Kly X is also irreducible. In other words, a simple current V^-module M 
induces a permutation on Itt{V) via X i— )■ MKlyX for X G Itt{V). Note that V itself is 
a simple current ^-module. 

Next we shall recall the notion of the dual module. For a graded l^-module M = 
(BnenMnJt-h such that dim Mn+h < oo, define its restricted dual by M* = (Brnm^n+h^ 
where M*^i^ := Homc:(Mn+/j, C) is the dual space of Mh+n- Let Ym{-,z) be the vertex 
operator on M. We can introduce the contragredient vertex operator Y^{-,z) on M* 
defined by 

(F;,(a, z)x, v) := (a:, FM(e^^«(-^^')^^°^«, (2-2) 

for a e a; e M* and v e M (cf. jFHL] l The module (M*, y^^(-, z)) is called the dual 
(or contragredient) module of M. 

Note that if the dual module M* of M is isomorphic to N, there exists a ^-isomorphism 
/ G Homy(X, M*). Then / induces a intertwining operator of type V x N ^ M*. 
This implies that (4}"^)^ 7^ or equivalently M^yX D V*. A V-module M is called 
self-dual if M* ~ M. It is obvious that the space of V^-invariant bilinear forms on an 
irreducible self-dual l^-module is one-dimensional. 

Lemma 2.1. ( \Y2^ ) Let U, W be V -modules such that U Klv W = V in the fusion algebra. 
Then both U and W are simple current V -modules. 

Proof: First, we show that U My M ^ for any ^-module M. We may assume that M 
is irreducible as V is rational. Since the fusion product is commutative and associative, we 
have {U M) = (t/ W^) M = 1/ M = M. This shows that UMyM 
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0. Similarly, WMyM y^O. Now assume that UMyM = M^Q)M'^ for V-submodules 
and M2. ThenWMviUMvM) = {WMvM^)®{WMvM^). On the other hand, 

W M(U MM) = (WMU)MM = VMM = M. 

V V V V V 

Therefore, (W My M^) © {WMvM^) = M. Since W My M' ii M' 0, we see 
that U Kly M is irreducible if M is. This shows that U, and also W, are simple current 
l^-modules. I 

Corollary 2.2. Assume thatV is simple, rational, C2-cofinite, of CFT-type and self- dual. 
Then the following hold. 

(1) Every simple current V -module is irreducible. 

(2) A V -module U is simple current if and only ifUMyU* = V. 

(3) The set of simple current V -modules forms a multiplicative abelian group in V{V) 
under the fusion product. 

Proof: Let U he a simple current V^-module. Then U = V My U is irreducible as V is 
simple. By the symmetry of fusion rules (y^^/)^ — {ij'y)y — {u^u*)v EHL]) and the 
assumption V* ~ V, we have UMyU* D V. Since U and U* are irreducible, we have 
UMyU* = V. This shows (1) and (2). Now let A be the subset of V(V') consisting of 
all the (inequivalent) simple current ^-modules. Since a fusion product of simple current 
modules is again a simple current, A is closed under the fusion product. Clearly V ^ A 
so that A contains a unit element. Finally, if U E A, then UMyU* = V so that the 
inverse U* E Ahj (2). This completes the proof. I 

2.2 Simple current extensions 

We review some basic results about simple current extensions from |L3[ lYlj . Let be a 
simple rational C2-cofinite VOA of CFT type and let {V" | a G -D} be a set of inequivalent 
irreducible l^°-modules indexed by an abelian group D. A simple VOA Vo = (BaeoV" 
is called a D- graded extension of V'^ if V'^ is a full sub VOA of Vd and Vd carries a 
-D-grading, i.e., V"' ■ C V°'~^'^ for a, P E D. In this case, the dual group D* of D acts 
naturally and faithfully on Vd- If all V^", a E D, are simple current V^°-modules, then 
Vd is referred to as a D-graded simple current extension of V'^. The abelian group D is 
automatically finite since V^ is rational (cf. [DLM2j ). 

Proposition 2.3. (JMU \DM^ IM WT^ ) Let V^ he a simple rational C2-cofinite VOA 
of CFT type. Let Vd = (Bo&dV"' be a D-graded simple current extension ofV^. Then 

(1) Vd is rational and C2-cofinite. 

(2) IfVD = ©aez)^" is another D-graded simple current extension ofV'^ such that V"' ~ 
V"' as V^ -modules for all a E D, then Vd and Vd are isomorphic VOAs over C 
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(3) For any subgroup E of D, a subalgebra Ve '■= ©aes^" is an E-graded simple current 
extension ofV'^. Moreover, Vd is a D / E-graded simple current extension o/Ve- 

A representation theory of simple current extensions is developed in |L3t lYlj . It is 
shown that each irreducible module over a simple current extension corresponds to an 
irreducible module over a finite dimensional semisimple associative algebra. Moreover, it 
is also proved that any V^-module can be extended to certain twisted modules over Vd. 

Let M be an irreducible Vo-module. Since V^ is rational, we can take an irreducible 
\/°-submodule W of M. Define Dw := {a e D \ VMy'^W ~yo W}. Then Dw is a 
subgroup of D. Note that the subgroup Dw is independent of the choice of the irreducible 
V^'^-module W in M. In other words, Dw = Dw' for any irreducible ^^-submodules W 
and W of M. We call M D-stable if Dw = 0. In this case, V Kyo W ~yo Kyo W 
if and only if a = /3 and by setting M° := V^^yo W, we have a D-graded isotypical 
decomposition M = ®a<^DM°'{c:^ VMyo W) as a l^°-module. 

Theorem 2.4. ( IL3[ I Yl^ ) Let W be an irreducible V^ -module. Then there exists a unique 
Xw G -D* C Aut(VD) such that W can be extended to an irreducible xw-twisted Vn-module. 
If Dw = 0, then the extension of W to an irreducible xw-twisted Vo-module is unique 
and D-stable. Moreover, the extension ofW is given by Vd Klyo W as a V^ -module. 

One can easily compute fusion rules among irreducible D-stable modules. 

Proposition 2.5. ( \SY\ I Yl^ ) Let Vd be a D-graded simple current extension of a simple 
rational C2-cofinite VOA V^ of CFT-type. Let M*, i = 1,2,3 be irreducible D-stable Vd- 
modules. Denote by M* = ©agD(^*)" o D-graded isotypical decomposition of . Then 
the following linear isomorphism holds: 

where a, 13,'-/ ^ D are arbitrary. 

We shall need the following result on Z2-graded simple current extensions. 

Proposition 2.6. Let V^ be a simple rational C2-cofinite self-dual VOA of CFT-type. 
Let V^ be a simple current V^ -module not isomorphic to V^ such that V^ Klyo V^ = V'^ . 
Assume that V^ has an integral top weight and the invariant bilinear form on V^ is 
symmetric. Then there exists a unique simple VOA structure on V = V^ ® V^ as a 
1j2-graded simple current extension ofV^. 

Proof: For a, 6 G V° and u,v E V^, define a vertex operator F (-, z) as follows: 
F(a, z)h := yyo(a, z)b, Y{a, z)u := Yyi (a, z)u, Y{u, z)a := e^^'^'^'^Y[a, —z)u, 
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and Y{u, z)v is defined by means of the matrix coefficients 

wfiere (■,■);/» denotes tlie invariant bilinear form on V^, i = 0, 1. Since tlie invariant bi- 
linear form on is symmetric, we have the skew-symmetry Y{u, z)v = e^^'^~^^Y{v, —z)u 
for any u,v G by Proposition 5.6.1 of |FHL] . It is also shown in |FHLl ILi2] that 
iy^ © V^, y (■, z)) forms a Z2-graded simple vertex operator algebra if and only if we have 
a locality for any three elements in V^, that is, for any u,v eV^, there exists G N such 
that for any w we have 

{zi - Z2)^Y{u, Zi)Y{v, Z2)w = {zi - Z2)'^Y{v, Z2)Y{u, zi)w. 

By Huang |H3t Theorem 3.5] (see also Theorem 3.2 and 3.5 of |H1] ). it is shown that 
there exists A G C* such that for any u,v,w G and sufficiently large /c G Z, we have 

(^0 + Z2)''Y{U, Zo + Z2)Y{V, Z2)W = X{Z2 + zo)''Y{Y{u, zo)v, Z2)W. (2.3) 

We shall show that the associativity above leads to the locality. The idea of the following 
argument comes from [Rj. Let G Z such that z^Y{u, z)v G V^^l^]. Take sufficiently 
large s, t G Z such that z'^Y{v, z)w G V^[z\ and (12. 3p holds for (u, f , w) and (f , u, w) with 
k = t,s. Then 

z{z^{zi - Z2)^Y{U, Zi)Y{v, Z2)W 

= ((^1 + Z2yz'2Z^Y{u, Zi + Z2)Y{V, Z2)w) 

= Ae-^^a., ^ ziyzlz^Y{Y{u, zi)v, Z2)w) 

= Ae-^29., (1(^2 ^ F(e^i^(-i)y(?;, -zi)u, Z2)w) 

= Ae-^29.ig^i9.2 _ ziyz^Y{Y{v, -zi)u, Z2)w) . 

Define p{zi, Z2) := Z2{z2 — Ziyz^Y(Y{v,—Zi)u,Z2)w. The equations above show that 
p{z, w) G V^n^i' ^2}- On the other hand, 

z\z^{-Z2 + zi)'^Y{v, Z2)Y{u, zi)w 

= [z\{z2 + Ziy{-Z2)^Y{V, Z2 + zi)Y{u, zi)w) 

= Ae-^1^-2 {z{{zi + Z2y{-Z2)^Y{Y{v,Z2)u,zi)w) 
= Ae~^i^^2p(— 2:2, zi). 
Thus the locality follows from 

e~'"^''e^^'^p{z, w) = e~'"^'p{z, w + z) = e"""^"p(2, z + w) = p{z - w, z) 

and e~^'^'"p(— u;, z) = p{—w + z, z) = p{z — w,z). 

The uniqueness has already been shown in |DM2j in a general fashion. I 

Later, we shall consider a construction of framed VOAs. The following extension 
property will be used frequently. 
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Theorem 2.7. (Extension property lYB, Theorem 4-6.1]) Let V^^'^^ be a simple rational 
C2-cofinite VOA of CFT-type, and let Di, D2 be finite abelian groups. Assume that 
we have a set of inequivalent irreducible simple current V^^'^^ -modules {^("'^) | {a, (3) E 
Di®D2} with Di®D2-graded fusion rules K^(o.o) 1/("2'/32) = ■j/("i+"2,/3i+/32) y^r any 

(«!, (a2, /32) G -Di©-D2- Further assume that all V^°''^\ («, /?) E Di®D2, have integral 
top weights and we have Di- and D2- graded simple current extensions Vdi = ©aeDi^^"'"^ 
and = ©/36Z)2^*'°''^''- Then VDieD2 •= ®{a,(3)eDieD2'^^°'''^^ possesses a unique structure 

of a simple vertex operator algebra as a {Di © D2)-graded simple current extension of 
y(o,o)^ 

3 Ising frame and framed VOA 

We shall review the notion of an Ising frame and a framed vertex operator algebra. 

3.1 Miyamoto involutions 

We begin by the definition of an Ising vector. 

Definition 3.1. A Virasoro vector e is called an Ising vector if Vir(e) ~ ^(1/2,0). Two 
Virasoro vectors u.,v eV are called orthogonalii [^(^i, zi), Y{v., ^2)] = 0. A decomposition 
a; = + ■ ■ ■ + e"^ of the conformal vector w of is called orthogonal if e* are mutually 
orthogonal Virasoro vectors. 

Let e G y be an Ising vector. By definition, Vir(e) ^ L(Y2,0). It is well-known that 
L(Y2,0) is rational, C2-cofinite and has three irreducible modules L(Y2, 0), L(y2,Y2) and 
-^^(Y2,Yi6)- The fusion rules of L(Y2, 0)-modules are computed in [DMZj : 



By (13. ip . one can define some involutions in the following way. Let Ve{h) be the sum of 
all irreducible Vir(e)-submodules of V isomorphic to -^v(Y2, h) for /i = 0, 1/2, 1/16. Then 
one has the isotypical decomposition 



L(Y2,Y2) ^^(V2,V2) = ^(Y2,0), L(Y2,Y2) Ki.(Y2,Yl6) = Iv(Y2,Vl6), 

L(Y2,Yi6) K^(Y2,Yi6) = ^(Y2, 0) © iv(Y2, Y2). 



(3.1) 



V = VM®Ve(}/2)®Ve(}/l&). 



Define a linear automorphism Tg on V by 




1 on K(0)©K(Y2) 
1 on K(Yi6)- 
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Then by the fusion rules in fl3.ip . Tg defines an automorphism on the VOA V (cf. |Mlj ). 
On the fixed point subalgebra V^'^"^ = Ve(0) © Ve{^/2), one can define another hnear auto- 
morphism (Te by 

1 on v;(o), 

-1 on Vei^/2). 



(Je. 



Then (Tg also defines an automorphism on V^'^'^^ (cf. jMl] ). The automorphisms Tg G 
Aut(y) and CTg G Aut(y^^'''*) are often called Miyamoto involutions. 

3.2 Framed VOAs and their structure codes 

Let us define the notion of a framed VOA. 

Definition 3.2. ( |DGHt IM3] ) A simple vertex operator algebra {V,u) is called framed 
if there exists a set {e^, . . . , e"} of Ising vectors of V such that w = + ■ ■ ■ + e" is an 
orthogonal decomposition. The full sub VOA F generated by e^, . . . , e" is called an Ising 
frame or simply a frame of V. By abuse of notation, we sometimes call the set of Ising 
vectors {e^, . . . , e"} a frame, also. 

Let {V, u) be a framed VOA with an Ising frame F. Then 

F ~ Vir(e^) ® ■ ■ ■ » Vir(eO ^ 1^(1/2, 0)®" 

and is a direct sum of irreducible F-submodules ^^=1 -^(V2, hi) with hi G {0, 1/2, 1/16}. 
For each irreducible F-module W = ^i'=i L{^/2, hi) , we define its binary l/lG-word (or 
T-word) t(W) = («!, ■ ■ ■ , an) G by = 1 if and only if hi = 1/16. For a G Zg, denote 
by V"' the sum of all irreducible F-submodules of V whose 1/16- words are equal to a. 
Define a linear code C Zg by = {a G Zg | ^ 0}. Then we have the 1/16-word 
decomposition V = ©aeD^"- By the fusion rules of ^(1/2, 0)-modules, it is easy to see 
that ■ V'^ C Hence, the dual group D* of D acts on V. In fact, the action of 

D* coincides with the action of the elementary abelian 2-group generated by Miyamoto 
involutions {rgi \ I < i < n}. Therefore, all V"', a E D, are irreducible l^°-modules by 
[DMT] . Since there is no L(Y2, Vi6)-component in , the fixed point subalgebra V^* = V'^ 
has the following shape: 

= mh„...,hMy2, /ii) © ■ ■ ■ © L(}/2, hn), 
/iie{o,i/2} 

where mh^^, ^^h„ G N denotes the multiplicity. On V^*^ we can define Miyamoto involu- 
tions (jgi for i = 1, ... ,72. Denote by Q the elementary abelian 2-subgroup of Aut{V^) 
generated by {a^t | 1 < < n}. Then the fixed point subalgebra (V'^)^ = F and each 
nihj^^... ^h„L(}/2, hi) © ■ ■ ■ ©L(Y2, hn) is an irreducible F-submodule again by |DMlj . Thus 
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i^hi,---,hn ^ {O5 1} W6 obtain an even linear code C := {(2hi, ■ ■ ■ , 2/i„) G Z'2 | /ij G 
{0,1/2}, mh,,..,h„ 7^ 0}, namely, 

i:(V2,«i/2)®---®L(V2,a„/2). (3.2) 

Since L(y2, 0) and ^(1/2,1/2) are simple current L(y2, 0)-modules, is a C-graded simple 
current extension of F. By Proposition 12. 3[ the simple VOA structure on is unique. 
The simple VOA of the form (13. 2 p is called the code VOA associated to C and de- 
noted by Vc- It is clear that Vc is simple, rational, C2-cofinite and of CFT-type. Since 
L{l){Vc)i = by its F-module structure, Vc has a non-zero invariant form and thus is 
self-dual as a Vc-module by |Lilj . Similarly, we also have L(l)Vi = and V is self-dual 
as a V^-module. 

Summarizing, there exists a pair (C, D) of even linear codes such that V is an D-graded 
extension of a code VOA Vc associated to C. We call the pair (C, D) the structure 
codes of a framed VOA V associated with the frame F. Since the powers of z in an 
-^^(1/2, 0)-intertwining operator of type -^(1/2,1/2) x ^(1/2, 1/2) ^(1/2, Vie) are half-integral, 
the structure codes {C,D) satisfy C C D^. 

Notation Let be a framed VOA with the structure codes (C, D), where C,D G 1^2- 
For a binary codeword /3 G Zg, we define: 

:= n e Aut(V°) and := U r^^ G Aut(V). (3.3) 

i6supp(/3) i6supp{/3) 

Namely, by associating Miyamoto involutions to a codeword of Zg, a : — !■ Aut(V°) 
and r : Z2 — )■ Aut(y) define group homomorphisms. It is also clear that kercr = C"*" and 
ker r = D-^. 

4 Representation of code VOAs 

Since every framed VOA is an extension of its code sub VOA, it is quite natural to study 
a framed VOA as a module over its code sub VOA. Let us first review a structure theory 
for the irreducible modules over a code VOA. 

4.1 Central extension of codes 

Let z/i = (10 . . . 0), = (010 . . . 0), . . . , z/" = (0 . . . 01) G Z^. Define e : Z^ x Z^ ^ C* by 
5(1/*, z/-') := — 1 if i>j and 1 otherwise, (4.1) 

and extend to Zg linearly. Then e defines a 2-cocycle in Z'^iTJ^i^*)- By definition, 

£(a, (3)e{l3, a) = (_i)("./3>+wt(«)wt(/3) ^^^^ ^ ^_^)wt(a)(wt(a)-i)/2 ^4_2) 
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for all a,f3 e Z^. In particular, e{a,a) = (-l)"t(°)/2 and e{a, f3)e{f3,a) = if 
a, P G ^2 are even. 

Let G be the central extension of Z2 by C* with associated 2-cocycle e. Recall that 
G = Z2 X C* as a set, but the group operation is given by 

{a,u){f3,v) = {a/3,e{a, /3)uv) 

for all a, /3 G Z2 and u, v G C*. Let C be a binary even linear code of Z2 . Since e takes 
values in {±1}, we can take a subgroup C = {(«,«) G G | a G C, m G {±1}} of G so that 
C forms a central extension of G by {±1}: 

1^{±1} ^G ^1. (4.3) 

We shall note that the radical of the standard bilinear form (-, ■) on G is given by i? = 
G n C"*- and thus by (14. 2p . the preimage R = 7i~^{G fl C*-*-) is the center of C. Take a 
subgroup D of G such that G = R® D. Then the form (-, ■) is non-degenerate on D. 
It follows from (14. 2p that the preimage D := ti~^[D) is an extra-special 2-subgroup of 
C . The central extension C is then isomorphicjfl to the central product of ID and R over 
{±1} C C* which we shall denote by D *{±i} R- 

We identify the multiplicative group C* with the central subgroup (0,C*) = {(0,n) G 
G \ u e C*} of G, and let C*^ = {(«,«) G G | a G G,m G C*} be the subgroup of G 
generated by C* = (0, C*) and G. Then we have the exact sequence: 

1 ^ C* ^ C*G ^ G ^ L (4.4) 

Since C* is injective in the category of abelian groups, the preimage of G fl G^ in C*G 
splits and one has an isomorphism 

C*G~ (GnG^) X (C* *|±i} b). 

Now let • C* — )■ End(V^) be a e-projective representation of G on V , that is, 
ip{a)ip{l3) = e{a, f3)ip{a + (3) for a, /3 G G. Then one defines a linear representation 
of C*G via ^/'(a, u) := uil)[a) G End(y) for a G G and u G C*. Since C*G is isomorphic 
to a direct product of i? = G fl G"*" and C* *{±i} -D, ^Z' is a tensor product of a linear char- 
acter of R and an irreducible non-linear character oi D ii ip is irreducible. Since D is an 

■^Note that the isomorphism type of D is determined by the dimension of maximal isotropic sub- 
spaces of D with respect to the quadratic form q{a) = e(a, a) (cf. [Goj and [FLMl Section 5.3]), 
which depends on the choice of the complement 13 if i? is not doubly even. For example, we 
can take C = Spanz,{(11000), (00110), (00101)}. Then the radical R = {(00000), (11000)}. Set 
D = {(00000), (00110)' (00101), (00011)} and D' = {(00000), (11110), (00101), (11011)}. Then both D 
and D' are complement of R in C but Z) 9^ l)', for l) is a quaternion group whereas D' is a dihedral 
group of order 8. Nevertheless, the central product D *{±i} R is still uniquely determined by C up to 
isomorphisms. 
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extra- special 2 group, D has only one non-linear irreducible character up to isomorphisms 
(cf. |Go] and jFLMt Theorem 5.5.1]). Therefore, the number of inequivalent irreducible 
e-projective representation of C is equal to the order of i? = C fl C*-*-. 

Let us review the structure of the irreducible non-linear character of D in more de- 
tail. Let if be a maximal self-orthogonal subcode of D. Then by f l4.2p the preim- 
age 71^} (H) of H in C*^ splits. Hence, there exists a map l : H ^ C* such that 
e{a, (3) = ((9i)(a, f3) = L{a)L{f3)/ L{a + (3) for all a, (3 E H. Since e{a, (3) G {±1}, one also 
has e{a, (3) = e{a, f3)~^ = t{a + (3)/ L{a)L{f3). Then the section map H 3 a {a, G 
7r^}{H) is a group homomorphism. Let x be a linear character of H and define a linear 
character x of 7r^}{H) by x{ce, L{a)u) = ux{ce) for a E H and u E C*. Since the preimage 
H := n~^[H) is a subgroup of n^}{H), we may view x as a linear character of H. Then 
the irreducible non-linear character of D is realized by the induced module Ind^x (cf- 
Theorem 5.5.1 of |FLM] ). Summarizing, we have: 

Proposition 4.1. (Theorem 5.5.1 of IFLM^ ) Letip he an irreducible e -projective represen- 
tation ofC. Then the associated linear representation ip ofC*C is of the form X (g>c Ind^x? 
where X is a linear character of C (1 C*-*", H is the preimage of a maximal self- orthogonal 
subcode H of D in C, and x is a linear character of H such that x(0, — 1) = —1. In 
particular, is induced from a linear character of a maximal abelian subgroup of C. 

4.2 Structure of modules 

Let C be an even linear code of Zg. For a codeword a = (ai, . . . , a„) E C, we set 

V{a) := L{% ai/2) ® ■ ■ ■ ® L{% an/2). 

Let Vc = ®aecV{a) be the code VGA associated to C. Since V{0) = L(V2,0)®" is a 
rational full sub VOA of Vc, every V^-module is completely reducible as a l^(0)-module. 
We shall review the structure theory of irreducible V^- modules from |M2[ IL3[ \Y1\ IY2j . 

Let M be an irreducible Vc-module. Take an irreducible l^(0)-submodule W of M, 
which is possible as V{0) is rational. Let t{W) E be the binary 1/16-word of W as 
defined in (II. ip (see also Section [3l2|) . Then it follows from the fusion rules of L(Y2,0)- 
modules that t(W) E C-^ and t(W) = t(W') for any irreducible l^(0)-submodule W 
of M. Set Cw ■■= {a ^ C \ V{a) Kv(o) W ~ W}. Then Cw = {a ^ C \ supp(a) C 
supp(r(Vr))} and Cw' = Cw for any irreducible y(0)-submodule W of M. Let {ai \ 
1 < z < r} be the coset representatives for Cw in C. By the definition of Cw, it follows 
V{ai) Ky(o) W 9^ V{aj) ^v{o) W if i j, because if V{P) Ky(o) W = 1/(7) ^v{o) W in 
the fusion algebra then W = V{(3) Ky(o) 1^(7) ^v(o) W = V{/3 + 7) Ky(o) W for /3, 7 G C. 
Note that the fusion algebra associated to V{0) is associative and V{f3) ^v{o) = 
V{/3 + 7). For simplicity, we set := V{ai)^vio)W. Then we have the following 
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isotypical decomposition: 

r 

M = 0W^^®Homy(o)(l^\M). 

i=l 

In the decomposition above, each homogeneous component 

W' Womv[o){W\M) 

of M forms an irreducible Vc^^i^-submodule, where Vc^ is the code VOA associated to 
Cw Let U := Romv{o){W, M). It is shown in [M2l EHl |Y2] that U is an irreducible e- 
projective representation of Cw so that U is also an irreducible C*Ci4/-module. Moreover, 
the V^-module structure on M is uniquely determined by the C*C*vy-module structure on 
U. 

Theorem 4.2. ( \M^ O \Y^) Let C be an even linear code and Vc = ®a&cV{a) the 
associated code VOA. Let W be an irreducible V{0) -module such that t(W) G C*-*". Then 
there is a one to one correspondence between the isomorphism classes of irreducible e- 
projective representations of Cw and the isomorphism classes of irreducible Vc-modules 
containing W as a V^-submodule. 

In the following, we shall give an explicit construction of irreducible Vc-modules from 
irreducible e-projective Cviz-modules. 

An explicit construction Let W be an irreducible V^(0)-module such that the 1/16- 
word t{W) G C^. Let if be a maximal self-orthogonal subcode of Cw = {« G C | 
supp(a) C supp(r(H^))}. Since the preimage n^^^H) of H in fl4.4l) splits, there is a map 
L : H ^ C* such that (a, = {a + /3, L{a + (3)) for all a, (3 E H. Let x be a 

linear character of H. Then we can define a linear character Xi of n^}{H) by 

Xi,{a, t{a)u) = ux{a) for a E H, ueC*. (4.5) 

In this case, Xl is also a linear character on the preimage H = tx^^{H) of H in (14. 3p . Let 
C^[C] be the twisted group algebra associated to the 2-cocycle e G Z^(C, C*) defined in 
(14. ip . That means C^[C] = Span^je" | a G C} as a linear space and e"e^ = e{a, P)e°'^^ . 
By (112]), we have 

e"e^ = (-l)<°'^>e^e". (4.6) 

It is clear that C^[Cw] = ©aec^Ce" and C^[H] = ®p(.H^e^ are subalgebras of C"[C]. 
Moreover, C^[iJ] ~ <C[H] as C-algebras. Let {ai, . . . , a^} be a set of coset representatives 
for Cw in C and let . . . , /3s} be a set of coset representatives for H in Cw- Consider 
an induced module Ind^Xt- As a linear space, it is defined by 

r s 

Ind|x. = 00Ce"'+^^ ® 
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where Cu^^ is a C^[i/]- module affording the character x^, that is, i(a)e" ■ v^^ = ^(tt)^^ 
for all a & H. Note also that the components 



are irreducible C^[CH/]-modules. Set W' := V{ai)mv{o)W for 1 < i < r. Let /"'^(■,^) 
be a y(0)-intertwining operator of type V{a) x — )■ Klv/(o) VT*. Since all V{a), 
a E C, are simple current V^(0)-modules, are unique up to scalars. It is possible 

to choose these intertwining operators such that 



for x° e V, e V^, G W^, af + Cvk = /3 + + Ciy and m > (cf. p2l |Y2]). We 
can also choose /°'*(-, 2;) so that J°'*(l, 2;) = id^i^i. Now put 



and define a vertex operator Y{-, z) : Vc x M ^((-2)) by 

c c 

for x" e l^", G W' and G ?7*. 

Theorem 4.3. (^ /M^ I.L3|. I Yl^ ) The induced module Ind|^o(Vr, Xl) equipped with the vertex 
operator defined above is an irreducible Vc-module. Moreover, every irreducible Vc-module 
is isomorphic to an induced module. 

Remark 4.4. Even if t{W) ^ C"*", one can still define an irreducible 'L2-twisted Vc- 
module structure on Indy^(iy, x) (cf. \L1\ I Yl^ ). 

Parameterization by a pair of binary codewords The irreducible Vc-modules can 
also be parameterized by a pair of binary codewords. For given /3 G C"*" and 7 G Zg, we 
define a weight vector hp^^ = {h^^^-, • • • , h'p .^), h'-p^^ G {0, 1/2, 1/16} by 



r 




Let 



L(V7) :=i^(V2,/^k7)®---®^(V2,/^L) 
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be the irreducible L{}-/2, 0)® "-module with the weight hp^^y. Set Cj^ := {a E C \ supp(a) C 
supp(/5)} and let = Cj^H (C*/?)-*- be the radical of Cp. Fix a map l : ^ £.* such 
that the section map is a group homomorphism. Take 

a maximal self-orthogonal subcode H of C/3. Then R^ C H and we can extend l to 
H such that the section map H 3 a ^ {a,L{a.)) G 7i^}{H) is a group homomorphism. 
For, there exists a map j : H ^ C* such that H 3 a ^ G 7r^}{H) is a group 

homomorphism. Then fi = l/j restricted on R^ is a character since dfi = di/dj = 
e/e = 1 on R^. Take a complement -fC such that H = R^ © and extend fi to H 
by letting fi{K) = 1. Then /ij coincides with l on i?^ as desired. Define a character 
X7 of by X7(q^) •= (—1)^'^'"^ for a G if and extend to a character x^-^ of 7r^}{H) by 
'■(tt)n) := for a G if and u G C*. Note that X7;t ^-Iso defines a linear 

character on if. Moreover, every character ip oi H such that <y5(0, — 1) = — 1 is of the form 
X7;i for some 7 G Zg. Then by Theorem 14. 3[ the pair (/3,7) determines an irreducible 
Vc-module 

Mc(/3,7;0 :=Ind^^(i:(/^/3 

,7)' X7;'-)- 

Note that if C is self-orthogonal and supp(C) C supp(/3), then Mc(/3,7; i) — Lih^^^) as 
a \^(0)-module. If /3 = 0, then H = and <. is trivial. We shall simply denote Mc(0,7; l) 
by Mc(0,7). It is also obvious that 

^c(0,7)= L(V2,ai/2)®---®L(V2,a„/2). 

o=(Q!i,...,a„)eC+7 

This module is called a cosei module in |M2j^ . We sometimes denote Mc{0,'y) by Vc+7, 
also. 

We shall review some basic properties of Mc(/3,7; l). 

Lemma 4.5. ( IDGLf ) The module structure 0/ Mc(/3, 7; t) is independent of the choice 
of the maximal self- orthogonal subcode H of Cp and the choice of the extension of l from 
i?^ to H. 

Proof: Let H' be a maximal self-orthogonal subcode of and l' : H' ^ C* an ex- 
tension of L. to H' such that the section map H' 3 a ^ (a, G n^}{H') is a group 
homomorphism. Define a linear character x'^.^, of 7r^}{H') by := (— 
for a E H' and n G C*. Then x^^.^^, is also a linear character of the preimage H' of H' in 
(143]) . We shall show that 

Ind!;|,(i:(V7),X7/) - Ind5;^^(L(V^),X7,J. 

^This name has nothing to do with so-cancd the coset construction (cf. |FZ1 IGKO] ) of a commutant 
subalgebra. 
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For this, it suffices to show that Ind'^x^.^ ~ Ind^^x^jt' t>y Theorem 14.21 and the construc- 
tion of induced modules. By definition, it is clear that X-y-clni^ = X^y t'lij/'- For simplicity, 
we denote it by A. 

Let be a compliment of in H + H' and take D he a complement of R^ in 
such that K CD. Then H = Rf^ ® {H n K), H' = Rf^ ® {H' n K) and Cp ~ Rl^ *{±i} D. 
It is obvious that both Hi = H (1 K and H2 = H' (1 K are maximal self-orthogonal 
subcodes of D. Therefore, by Proposition 14.11 we have Ind^''x7;t — A ®c Ind^^X7;t|_ffi and 
Ind^iX'r,!.' — ®c Ind^^x^ t'li/a- ^^^^^ there is only one linear representation of D such 

that (0, —1) acts non-trivially, we have Ind^^X7;t — ^^^j^Xi;/. — Iiid^'^X7;t 

as desired I 

Remark 4.6. // we choose another map t' : R^ ^ C* such that the section map Rf 3 
a I—)- (a, i'{a)) G 7r^}{R^) is a group homomorphism, then l/l' is a linear character of R^ . 
Thus, there exists ^ G {1'2)(s such that i{a)/i'{a) = (—1)^"'^^ for a G R^ . Hence, for any 
a E R^ and n G C* , we have 

Xr,Aa, i{a)u) = Xr,Aa, = ■ 

= {-lY-'^+Ou = x^+^.,{a,i{a)u). 

Hence, Xr^ — X-y+c,!, on R^ and we have Mc{f3,'j; l') ~ Mc{f3,'j + ^; i). 

Similarly, one can show the following by considering linear characters of H. 

Lemma 4.7. ( IDGL^ ) Let (3,(3' G C*-*- and 7,7' G Then the irreducible Vc-modules 
M(7(/3,7; l) and Mc{P','~f'', l) are isomorphic if and only if 

(3 = (3' and + -f' e C + H^^ , 

where H is a maximal self- orthogonal subcode of and H-^^ = {a G | supp(a) C 
supp(/3) and (a, 5) = for all 5 G H}. 

Proof: Assume that Mc{(3,'J]l) ^ Mc{(3\i]i). Then clearly (3 = (3' hj 1/16-word 
decompositions. It is also obvious from the definition of Mc{(3,'~^]l) that Mc{(3,'j;l) ^ 
Mc{(3, 'J + 6] l) for any 6 G H^i^. Let {ai, . . . , ar} and . . . , Ss} be transversals for 
in C and H m Cp, respectively. Then by definition we have a decomposition 

i — 1 j — 1 

It follows from (14. 6 p that 



V{a,) M L{hp^,) ® e"»+^^- ® X7;. - Mh{(3,i + a, + i) (4.7) 

V{0) J C \ C^IH] ' 
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as a V^/-submodule. Therefore, we have the following decompositions: 

S+H&C/H 
5+HeC/H 

Since H = CpPiH-^i^ by the maximality of if, all Mh{P, 7+^; l), S & C/H, are inequivalent 
irreducible V//-submodules. Thus, if Mc{f3,'y;L) ~ Mc{f3,'y'; l), then xy-^ = X7+(5;(. for 
some 5 G C. This is possible if and only if 7+7' G C+if-*"". Conversely, if 7+7' G C+H-^^ , 
then Mc{/3,'j;l) and Mc{fi,'^'] l) contain isomorphic irreducible V^-submodules. Since 
Vc-module structures on Mc{/3,j;l) and Mc{(3,'j'; l) are uniquely determined by their 
Viif-module structures, they are isomorphic. I 

In the proof above, we have shown the following useful fact. 

Corollary 4.8. Let Mc{P,'~f', l) be an irreducible Vc-module. Let H be a maximal self- 
orthogonal subcode of Cp. Then as a Vn-niodule, 

S+H£C/H 

In particular, every irreducible Vn-submodule of Mc{P,'J] l) is multiplicity- free. 

Lemma 4.9. Let R be the radical of with respect to the standard bilinear form and 
H a maximal self- orthogonal subcode of Cp. Then Cp + H-^^ = R-^i^ and hence the code 
C + H-^i^ = C + -R-*"" is again independent of the choice of the maximal self- orthogonal 
subcode H . 

Proof: Since R G H, we have H^i^ C R-^i^ . By definition, it is also clear that Cp C R'^'^ 
and we have Cp + H-^i^ C R'^'^. Since the bilinear form (-, ■) restricted on the quotient 
space Cp/R is non-degenerate and H/R is a maximal self-orthogonal subspace, we have 
dim Cp/R = 2 dim H/R and hence dimCp = 2 dim if — dimi?. On the other hand, 

dim(C/3 + H^f") = dimCp + dimH^f' - dim(C^ n H^^) 

= dim + wt /3 — 2 dim H = wt (3 — dim R = dim R'^^ . 

Thus, we have Cp + H-^^ = R-^p I 
4.3 Dual module 

We shall determine the structure of the dual module of a Vc-module MdPj'j] t). Recall 
that the dual module of a ^-module M = Q)nmMn+h is defined to be its restricted dual 
M* = (Bn£NM*_^_f^ equipped with a vertex operator Y^j{-,z) defined by (12.21) . 
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First, we consider the case when the code is self-orthogonal. Let if be a self-orthogonal 
code of In this case, one can define a character Lp of H by ^p{a) = (— for 
a E H. So there exists a codeword k G such that f{a) = ( — 1)^'^'") for all a E H. 

Lemma 4.10. Let iJ C ^'e a self- orthogonal code. For any 7 G Zg, the dual module of 
M//((r"), 7; l) is isomorphic to Mj7((l"),7 + k; l), where k E is given by ( — l)^'''") = 

(_l)wt(a)/2 c,^H. 

Proof: By assumption, M//((l"), 7; t) = -L(y2, Vie)*^" ® X7;t is an irreducible V{0) = 
iv(V2,0)® "-module. Therefore, 

M^,((n,7;0* ^ M^,((r),7';0 for some 7' G Z^. 

Since L(y2,yi6)®"' is a self-dual V^(0)-module, we have a V^(0)- isomorphism f : M ^ M*. 
Let 2;) and Y*{-, z) be the vertex operators on M and M*, respectively. For a E H, 
let G be a non-zero highest weight vector of weight wt(a)/2. Then Y*{x°',z)f 

and fY^x"", z) are V^(0)-intertwining operators of type 

v{a) X Mh((i"),7;0 ->MH((n,7;0*- 

Since the space of V^(0)-intertwining operators of this type is one-dimensional, there exists 
a scalar Aq G C* such that Y*{x"-, z)f = XafY^x", z). Let f be a non-zero highest weight 
vector of Mh((1"),7; l). Then by one has 

{Y*{x'',z)fv,v) = 
On the other hand, 

z)fv, v) = A,(/F(x", z)v, v) 

Since ^r^^^^^-iyg-i)"^ = ^"^ some t E C* and {fv,v) ^ 0, we have A„ = (— = 
(^_l)(K,a>_ Therefore, by considering the linear character associated to M/^((r"),7; l)*, we 
see that Mh((1"), 7; 0* - 7 + 0- ■ 

Proposition 4.11. Lei C be an even linear code, (3 E C"*" and 7 G Z'g. Lei H be a 
maximal self- orthogonal subcode of Cp. Then the dual module Mc{P,'y', l)* is isomorphic 
to Mc(/3,7 + where kh E Z'2 is such that supp(fi;//) C supp(/3) and (— 1)^'^^^'") = 

(_l)wtM/2 allaE H. 

Proof: By Corollary 14. 8 [ Mc{P,'j', i) contains a Ve^-submodule 

Mh{P, 7; l) ^ L{h^,^) ® Xr,^. 
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By the previous lemma, the dual module Mc{(3, 7; l)* contains a Vy^-submodule isomorphic 
to 

Therefore, by the structure of irreducible Vc-modules, 

,7) ! X"/+Kjj;l) 

and hence Mc{/3, 7; i)* ~ Mc{f3, 7 + k^; '-)• ■ 
As an immediate corollary, we have: 

Corollary 4.12. With reference to the proposition above, MciPj'j', l) is self-dual if and 
only if kh ^ C. In particular, Mc(0,7) is self- dual for all 7 G Zg. 

4.4 Fusion rules 

We shall compute the fusion rules among some irreducible V^- modules. First, we recall a 
result from jM2] which is a direct consequence of Proposition 12.51 

Lemma 4.13. (fM^) For a, 13 G Z^, Mc(0, a) Ky^ Mc(0, /3) = Mc{0,a + (3). 

By the lemma above, we see that Mc(0, a) ^c(0, a) = Mc(0, 0) ^ Vc- Therefore, 
all Mc{0,a), a G Z'2, are simple current Vc-modules by Corollary 12.21 It also follows 
that Mc(0, a) Klvp Mc(/3, 7; is an irreducible Vc-module with the 1/16-word /3. The 
corresponding fusion rules are also computed by Miyamoto |M3] in the case supp(a) C 
supp(/3). 

Lemma 4.14. (JM^) Let a,f3,-fe with (3 G C^. Then 

Mc(0, a) K MciP, 7; = MciP, a + 7; 0- 

Vc 

Moreover, the difference of the top weight of Mc{(3,'-f; l) and the top weight of Mc{(3,a -\- 
7; l) is congruent to {a, a + (3) /2 modulo Z. 

Proof: The assertion is proved in Lemma 3.27 of |M3j in the case supp(a) C supp(/3). 
We generalize his argument to obtain the desired fusion rule. Since Mc(0,a) is a simple 
current Vc-module, we know that there exists 7' G Zg such that 

Mc(0, a) M Mc{f3, 7; - Mc{f3, 7'; 0- 

Vc 

Therefore, if we can construct a non-zero V^-intertwining operator of type Mc(0,a) x 
Mc{f3,'y;L) Mc{f3,a -\- 7;^), then we are done. To do this, we have to extend Vc 
to a larger algebra. The case a G C is trivial so that we assume that a ^ C. Set 
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C = C U {C + a) . We can define a simple vertex operator (super) algebra structure on 
the space Vc = Vc ® Vc+a = Mc{0, 0) © Mc(0, a). This is a VOA if a is even, and an 
SVGA if a is odd. 

Set H' := C'p n if"*", which is the unique maximal subcode of C'^ containing H such 
that its preimage H' is a maximal abelian subgroup of C'^ in the extension (14. 3p . We can 
take J : iJ' — J- C* such that ]\h = i and the section map H' 3 5 ^ (5, j((5)) G 7r^}{H') 
defines a group homomorphism. In the definition of the induced module Mc{P,'y', l) = 
lnd^L{hi3^.y, Xr,i-)^ C'^[C"] instead of C^[C] and replace t by j, then we obtain an 

irreducible Vc -module 

Mc'il3,r:j) ■= IndJ;^^',(L(/i^,.^,X7j) 

which contains Mc{(3, 7; t) = lnd^{L{hi3 .y, X7j|h) as a Vc-submodule. The induced mod- 
ule Mc'{/3,j; j) is an untwisted Vc"-module if = and otherwise it is a Z2-twisted 
Vc'-module (cf. |Y2]). Nevertheless, the subspace M = Vc+a ■ Mc{/3,-f] l) of Mc'{/3,-f] j) 
is an irreducible Vc-submodule. It follows from (14. 6 p and (14. 7p that there exists an irre- 
ducible Vff-submodule of M isomorphic to Mh{P, a-l-7; Then M ~ Mc{f3, a+7; jl/f) 
by the structure of an irreducible V^-module. Since M ~ Mc(0, a) Kly^ Mc{/3, 7; t), we 
obtain the desired fusion rule. 

Since the L(}/2, 0)-intertwining operators of types L(}/2, h) xL(y2,Vi6) — )■ L(V2, Vie), h G 
{0, 1/2}, keep the top weights but the Li^/i, 0)-intertwining operators of type ^(1/2, 1/2) x 
L(V2,0) ^ iv(V2,V2) and L(V2, 1/2) x ^(1/2,^/2) ^ ^(V2,0) change the top weights by 1/2 
or —1/2, the difference of top weights is as in the assertion. I 

By this lemma, we can compute the following fusion rule. 

Proposition 4.15. Let /3 G C*-*" and 7 G . Let H be a maximal self- orthogonal subcode 
ofCp. Then 

Mc(/3,7;0pMc(/3,7;0*= V Mc;(0,5), 
where 5 G runs over a transversal for C in C + H^f' . 

Proof: It follows from the 1/16-word decomposition that the fusion product 

Mc(/3,7;0pMc(A7;0* 

Vc 

contains only modules of type Mc{0,S). Now assume that (a,/c(/3,7;*(^^ a-/c(/3,' 
Then by the symmetry of fusion rules, we have 

Mc{0,6) \ [ Mc{/3,r,>^) 



Mc{^,r,i) Mc{{3,r,iyJvc \Mci/3,r,i) Mc{0,6)Jy^,^^- 

Since Mc(/3 , 7; l) ^Vc Mc{0, 6) = Mc{P, 'J + 6]l) by the previous lemma, this is possible 
if and only if 5 G C + H-^p by Lemma W7\ Therefore, we have the fusion rule as stated. 1 
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By the lemma above, we introduce the following definition. 

Definition 4.16. Let /3 G and H a subcode with supp(if) C supp(/3). H is said to 
be self-dual with respect to P if H = H-^f. 

Remark 4.17. Note that if H is a self-dual subcode of Cj^ w.r.t. (3 then C + if^" = C . 

By Corollary 12.21 and Proposition I4.15[ we have 

Corollary 4.18. Mc{f3,'j]L) is a simple current module if and only if Cp contains a 
self-dual subcode w.r.t. p. 

Remark 4.19. Now suppose Mc{f3, 0; l) Ky^ Mc(/3, 0; l)* = J^Li MciO, 6i). Let H be a 
maximal self- orthogonal subcode of Cp, and let kh G {'^2)13 such that {kh^o) = {a,a)/2 



mod 2 for all a E H as in Proposition ^.ii, Then 



Mc(/3, 0; l)* = Mc(/3, kh; l) = Mc(0, kh) K Mc(/3, 0; l) 

Vc 

and thus Mc{(3,0] l) = Mc(0, k//) Kly^ M(7(/3, 0; i)*. Using this, we can compute the fol- 
lowing fusion rule: 

Mc(/3, 71; 0,f^c(/3, 72; 

Vc 

Mc(0, 71) K Mc{/3, |mc(0, 72) K Mc(/3, 0; l) 

Vc J I 

Mc(0, 71 + 72) K Mc(/3, 0; l) S Mc{(3, 0; l) 

Vc Vc 



Mc(0, 71 + 72) ,f Mc(/3, 0; i) M \ Mc{0, kh) M Mc{P, 0; 

Vc Vc Vc 

Mc(0, 71 + 72 + f^H) K Mci(3, 0; ^ Mc(/3, 0; 0* 

Vc Vc 

Mc(0, 71 + 72 + f^H) ^ I V Mc(0, 6i 

Vc ' '—^ 



1=1 



J^Mc(0,7i+72 + Kiy + 



i=l 



5 Structure of framed VOAs 

We shall prove that every framed VOA is a simple current extension of a code VOA. This 
result has many fruitful consequences. For example, the irreducible representations of a 
framed VOA can be determined by a notion of induced modules. Another interesting 
result is the conditions on possible structure codes of holomorphic framed VOAs, namely 
we obtain a necessary and sufficient condition for a pair of codes (C, to be the structure 
codes of some holomorphic framed VOAs in Theorem I5.17[ 
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5.1 Simple current structure 

In this subsection we discuss how a code VOA can be extended to a framed VOA. First, 
we give a construction of a non-trivial simple current extension. 

Lemma 5.1. Let C he an even linear subcode of and /3 G C*-*" a non-zero codeword. 
Let ^ ^ he a binary codeword such that the irreducible Vc-module Mc(/3,7; l) has an 
integral top weight. If Cf^ contains a doubly even self-dual subcode w.r.t. /3, then there 
exists a unique structure of a framed VOA on Vc ® Mc{/3, 7; l) which forms a Z2-graded 
simple current extension ofVc- 

Proof: Let if be a doubly even self-dual subcode of Cp w.r.t. (5. By Proposition I4.11[ 
Mc(/3,7; l) is self-dual, and by Corollary I4.18[ Mc{f3,'j; l) is a simple current Vc-module. 
By Corollary 14. 8 [ Mc(/3,7; l) has a V^^-module structure 

S+HeC/H 

where all irreducible V^^-submodules MH{fi,'~i + S;l) are self-dual by Proposition 14.111 
It is clear that a Vc-invariant bilinear form on Mc(/3,7;t) induces a non-degenerate 
Vff-invariant bilinear form on Mh{P,'J + It is shown in |Lil] that a Vc-invariant 

bilinear form on Mc(/3,7; t) is either symmetric or skew-symmetric. Since the top level 
of Mh{(3, 7 + 5; t) is one-dimensional, the Vc-invariant bilinear form on Mc{(3, 7; l) must 
be symmetric. Therefore, Vc © Mc{/3, 7; l) forms a Z2-graded simple current extension of 
Vc by Proposition 12. 6[ I 

Lemma 5.2. Let (3 e and 7 G with /3 7^ 0. Assume that V = Vc ® Mc{f3,'j; l) 
forms a framed VOA. Then there exists a maximal self- orthogonal subcode K of Cp which 
is doubly even . 

Proof: Let if be a maximal self-orthogonal subcode of Cp. If H is doubly even, then 
we are done. So we assume that H contains a codeword whose weight is congruent to 
2 modulo 4. Since V = Vc ® Mc(/3,7; l) forms a simple VOA, Mc(/3,7; l) is a self-dual 
Vc-module. Therefore, by Corollary 14. 12^ there exists a codeword & Cp such that 
(_1)(«H,"> = (_i)wt(a)/2 ^ H. By Corollary im Mc(/3,7;0 has the following 

decomposition as a V^-module: 

Mc(/3,7;0= Mh(/3,7 + 5;0- 

By our choice of H, kh ^ if"*"" so that Mh{/3,'j; l) and its dual Mh{I3,'J + hr] 1^) are 
inequivalent irreducible Vj^-submodules of V. We consider a sub VOA U generated by 
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MffiP, 7; l) © Mh{P, 7 + i^H] '•)• By the fusion rule given in Proposition 14. 15^ U has the 
following shape Vi/-module: 



U = Mh{0, 0) © Mh{0, © Mh(/3, 7; © 7 + ^h] 0- 



(5.1) 



Note that H = Cr\H^^ by the maximality of H. Set iJ' := HL\{H+kh), Hq := Hn{i%H) 
and take any a' ^ H \ Hq. Then 



We set ii' := i^o U (-f^o + /^i?)- It is clear that U also possesses a symmetric invariant 
bilinear form which we shall denote by (-, ■)u. Since Mh{/3, 7; l) and Mh{/3, 7 + k//; t) are 
dual to each other, we have 



By Lemma HTfj Mh{P, 7; i) and Mh{(3, ■y + kh', l) are isomorphic irreducible V^o-niodules 
and there exists a V^g -isomorphism (/p : M//(/3,7;t) — )■ Mh^P,! + hh',i-)- Let u be a 
non-zero highest weight vector of Mh{/3,'j; l). Since the top level of Mh{/3,j; l) is one- 
dimensional, we may assume that {u,(f{u))u = 1- Now consider the decomposition (15.11) 
of U with respect to a series of sub VOAs Vhq C Vk C Vh' of U. It is clear that 
Mh{0, 0) © Mh{0, kh) = Mk{0, 0) © Ma'(0, a'). Therefore, there exists a decomposition 
of as a V/^-module 



with = Mh^P,!', i) © Mh{I3,'~^ + kh] '■)• Let 1^° be an irreducible V/^f-submodule of 
W. Since K is a. self-orthogonal subcode of C/3, the top level of is one-dimensional. 
Let V e W° he a non-zero highest weight vector. As we mentioned, Mj:/(/3, 7; t) and 
Mh{P, 7 + f^H] 1) are isomorphic V/^g-submodules. But Mh{/3, 7; l) and Mh{I3, 7 -|- kj:/; t) 
cannot form V^-submodules by the fusion rule of V^-modules. Therefore, we can write 
V = ciu + C2f{u) with ci,C2 7^ 0. This shows that {v,v)u = 2ciC2 7^ so that 
is a self-dual Vx-submodule. Then K is a doubly even code by Corollary 14.121 Since 
\K\ = \H\ = 2\Ho\, K is a maximal self-orthogonal subcode of Therefore, contains 
the desired subcode K. I 

We recall the following fact from the coding theory. 

Theorem 5.3. ( IMcSI^ ) Letn be divisible by 8 and H a doubly even code ofZ"^ containing 
the all-one vector (11 ... 1) G Z2 . Then there exists a doubly even self-dual code H' such 
that H C H'. 

Now we begin to prove that every framed VOA is a simple current extension of a code 
VOA. For this, it suffices to show the following proposition. 



H' = HqU {Ho + a') U {Hq + kh) U {Hq + a' + kh). 



{Mh{I3, 7; 0, Mh{(5, 7; = {Mh{(5, 7 + ^^H] i. 



.),Mj,(/3,7 + kh;0)c/ = 0. 



U = Mk{0, 0) © Mx(0, a') © W 
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Proposition 5.4. Let (3 E C-^ and 7 G Zj. Assume that V = Vc ® Mc(/3,7; l) forms a 
framed VOA. Then contains a doubly even self-dual subcode w.r.t. fi. 

Proof: By Lemma 15. 2[ Cp contains a maximal self-orthogonal subcode H which is 
doubly even. By Corollary 14. 8[ V has a decomposition 

V= Mh(0,5)©Mh(/3,7 + 5;0 

5+H<^C/H 

as a Vff-module. By the fusion rule in Proposition I4.15[ the subspace 

f/:= Vff©MH(/3,7;0 

forms a sub VOA of V , since H = Cp r\ H^i^. If H is not self-dual, then there exists a 
doubly even self-dual subcode H' of w.r.t. f3 such that H U {H + (5) d H' by Theorem 
15.31 Note that the weight of /3 is divisible by 8 since Mc{/3, 7; l) has an integral top weight. 
Let us consider the code VOA Vh' associated to H'. Since H C H', it is clear that Vh' 
contains Vh as a sub VOA. We can also take a map j : H' ^ C* such that j\h = i and the 
section map H' 3 a ^ (a,j(a;)) G 7i^}{H') is a group homomorphism. By the structure 
theory in Theorem 14. 3^ we can define an irreducible V///-module M/^/(/3,7;j) such that 
Mh'{/3,1', j)\vh — Mh{(3,1] <■) as a V^-module. For simplicity, we shall denote Mhi^P,!', ]) 
by W . Since the top level of W is one- dimensional, the V/// -invariant bilinear form on W 
is symmetric. Therefore, by Proposition 12. 5[ we can define a framed VOA structure on 

U' ■= Vh' © W. 

We denote the vertex operator on U' by Y'{-, z). Now suppose if is a proper subcode of 
H'. Then 

5+H(^H'/H 

as a Vff-module. Let hs+h '■ Vh' Vs+h be the projection map. Then for u,v E W, we 
have 

Y'{u,z)v= ^ ns+Hy'{u,z)v. 

S+HeH'/H 

Since the simple VOA structure is unique on Vh'Q)W, we may assume that tthY^u, z)v = 
Yv{u, z)v. Take any a E H' \ H and set K := H L\ {H + a) . We shall show the following 
claim: 

Claim For u,v E W, there exists = N{u, v) eN such that 

(Zl - Z2)^Y'{U, Zi)TTH+ay'{v, Z2)w = {zi - Z2)^Y'{v, Z2)nH+aY' {u, Zi)w (5.2) 
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for any w G W. 

Take any a G Vn+a- Since U = Vh ® M/^(/3,7; l) forms a framed VOA by assumption, 
there exists = N{u, t") G N such that 

{z, - z^fY'iu, z^)nHY'{v, Z2)w = {z^ - Z2)''Y'{v, Z2)nHY'{u, z,)w. (5.3) 

Take a sufficiently large G N. Then one has 

{Zi - Z2)^{zo - Zif{zQ - Z2fY'{u, Zi)'KH+aY'{v, Z2)Y'{a, zo)w 

= {z, - ^2)^(^0 - Zi)\zo - Z2fY\a, z^)Y\u, 2i)vr^r (t;, Z2)w 
= {zr - z^Yizo - z^f{zo - z^fY'ia, zo)Y'{v, Z2)t^hY'[u, z^)w 

= {Zl - Z2)^{Zo - Zi)^{Zo - Z2)''Y'{V, Z2)TTH+aY'{u, Zi)Y'{a, Zo)w. 

Since the expansions of both sides of the equations have only finitely many negative powers 
of zq, we get 

(Zi - Z2)^Y'{U, Zi)7rH+aY'{v, Z2)W = (zi - Z2)'^Y'{v, Z2)nH+aY'{u, Zi)w. 

Note that Y'{a, z)'Kh = 'nu+oY'^a, z) on Vh' and W = Vn+a ■ W. 

By the Claim above, we can introduce a framed VOA structure on 

X := VK®MKiP,%j\K) 

as follows. Since as a V?c-module is isomorphic to Mi^ 7; we can identify these 
structures. For a,h E Vk and u,v E Mi^(/3, 7; we define the vertex operator map 
Yx{-.z) by 

Yx{a,z)h ■.= Y\a,z)h, Yx{a^ z)u := Y' {a, z)u, Yxiu, z)a := Y' {u, z)a, 

and 

Yx(m, z.)v := tthY'{u, z)v + -KH+aY'iu, z)v. 

Let (■,■)[/' be an non-zero invariant bilinear form on [/', which is unique up to scalar 
multiples. Since Vk is a subalgebra of [/', we can define an invariant bilinear form {■,-)vk 
on Vk by {a,h)yj^ := {a,b)u'. In addition, since as a V/^-module is isomorphic to 
Mk{P,'~^', j\k), we may view {■,-)u' restricted on as a Vft-invariant bilinear form on 
Mx(/3,7;jk). Then 

(a, Yxiu, z)v)vji = ('^7 T^HY'iu, z)v)vk + («, HH+aY'iu, z)v)vk 
= {a,7rHY'{u,z)v)u' + {a,7iH+aY'{u, z)v)u' 
= {a,Y'{u,z)v)u' 

= (r(e^^«(-2-2)^(o)M,2-i)a,?;)t/.. 
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By the equality above, it follows from Section 5.6 of |FHLj and |Li2] that Yx{-, z) satisfies 
the Jacobi identity if and only if we have a locality for any three elements in Mk{P, 7; j\k), 
which follows from fl5.2p and (15. 3p . Therefore, {X, Yx{-, z)) is also a framed VOA. In fact, 
one can define a framed VOA structure on Ve © M£;(/3, 7; jI^;) for any subcode E of H' 
containing if in a similar way. We shall deduce a contradiction from this observation. 

Let and W'^ be VH"-niodules isomorphic to Mh{I3, 7; l). Since and Mk{I3, 7; j\k) 
are isomorphic V/f-modules, we have V^-isomorphisms ipi : — )■ Mk{/3,'j; j\k) C X for 
i = 1,2. Set 

X' := Vh © Vn+a (BW^® W\ 

We shall define a vertex operator Yx' on X' as follows. 

For a°,6° G V^, a^,b^ G V^+a, ^S^^ e and G VT^, define 



Yx'{a^,z) :-- 



Yx'(a\z) 



Vx(a°,^) 






Yxia\z) 







Yxia^,z) 





Yx(a\z) 









Yx'iu\z) 






ip^^Yx{(piu^,z) 










V^2^Yxi(piU^,z) 






(f];^Yx{a^, z)(pi 






iP2^Yx{a\ z)(pi 



1THYx{(flU^, z)(fi 











(P2^Yxia°,z)ip2_ 




(^^^Yxia^,z)Lp2 






TTH+aYxi^lU^, Z)(P2 






Yx'iu^z) 















nH+aYx{^2U^,z)Lpi 
ipl^Yx{^2U^ , z) 





t: hYx{h^2U^ , z)'^2 






}p2^Yx{'-p2u'^ , Z) 

on e Vh ® Vn+a © © W"^. Note that Yx{-,z) is considered as a V^- 

intertwining operator and tth '■ ^ Vh and vr^+z^ : X — > V^+h are VH-projections on Vh 
and Va+H, respectively. By fl5.2p and fl5.3p . it is straightforward to check that Yx'{-,z) 
satisfies the locality and hence {X', Yx'{-, z)) itself forms a VOA. In fact, we have defined 
a VOA structure on X' such that 



V^-W^ = W\ V^-W^ = - W^ = W'^ - W^ = 1/° and -W^ = V^ 



based on the framed VOA structure on X. 
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Now take a subspace 

Then it follows from the definition of Yx'{-, z) that Z is a subalgebra of X' and the linear 
isomorphism 

defines a vertex operator algebra isomorphism between Z and X. Since X is a framed 
VOA and every framed VOA is rational, X' is a completely reducible Z-module. However, 
since the quotient X'/Z has no 1/16-word component corresponding to a codeword 0, we 
obtain ip~^{MK{f3,'y; j\k)) ■ {X'/Z) = which is a contradiction by Proposition 11.9 of 
[PL] . This contradiction comes from the assumption that H ^ H'. Hence, H = H' as 
desired. I 

Now we present the main theorem of this paper: 

Theorem 5.5. Let V = (Ba&oV"' be a framed VOA with structure codes {C,D). Then 

(1) For every non-zero a E D, the subcode Ca of C contains a doubly even self-dual 
subcode w.r.t. a. 

(2) C is even, every codeword of D has a weight divisible by 8, and D G C G D-^ . 

Proof: (1) follows from Proposition 15.41 since © is a framed sub VOA of V for 
any non-zero a E D. (2) follows from (1), since a self-dual subcode of Ca w.r.t. a always 
contains the codeword a. I 

As a corollary, we can also prove the following theorem. 

Theorem 5.6. Let V = ©QgD^" a framed VOA with structure codes {C,D). Then 
V = (BaenV^ is a D-graded simple current extension of the code VOA = Vq. 

Proof: The assertion follows immediately from Theorem 15.51 and Corollary 14.181 I 

There are many applications of Theorems 15.51 and 15.61 

Corollary 5.7. For a positive integer n, the number of isomorphism classes of framed 
VOAs with a fixed central charge n/2 is finite. 

Proof: By Theorem l5.6[ every framed VOA is a simple current extension of a code VOA. 
A code VOA is uniquely determined by its structure code by Proposition 12. 3^ and it has 
finitely many irreducible representations as it is rational. In particular, there are finitely 
many inequivalent simple current modules over a code VOA. Therefore, the number of 
isomorphism classes of framed VOAs of given central charge is finite by the uniqueness of 
a simple current extension in Proposition 12.31 I 

By Theorem 15.61 we can immediately classify all irreducible (both untwisted and Z2- 
twisted) modules over a framed VOA. 
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Corollary 5.8. Let V = ©agD^" be a framed VOA with structure codes {C,D). Let W 
be an irreducible V^-module. Then there exists rj G Zg, which is unique modulo , such 
that W can be uniquely extended to an irreducible Tr^-twisted V -module which is given by 
VMyo W as a -module. In particular, every irreducible untwisted V -module is D-stable. 

Proof: Let /3 G C*-*" be the 1/16-word of W. Since all V^", a G -D, are simple current 
y'^-submodules, the fusion product := V"" Klyo W is again irreducible. It is clear 
that the binary 1/16- word of is a + /3 so that all 1^", a G -D, are inequivalent V'^- 
modules. Therefore, there exists a unique untwisted or Z2-twisted ^-module structure on 

ffiasDM^" by Theorem 12.41 Since any element in the dual group 
D* ~ U\jD^ is realized as a Miyamoto involution associated to a codeword ?7 G 

is indeed a r^- 



the induced module Ind^oW^ is indeed a r„-twisted V^- module 



Remark 5.9. By the corollary above and Proposition \2.5[ we can compute the fusion 
rules of V -modules from those of Vc -modules, 

Corollary 5.10. ( IDGH\ iM^ ) A framed VOA V with structure codes {C,D) is holomor- 
phic if and only if C = D^. 

Proof: That a framed VOA having a structure code {D^,D) is holomorphic is proved 
in [M3j by showing that every module contains a vacuum-like vector (cf. |Lil] ). The 
converse is also proved in |DGHj by using modular forms. Here we give another, rather 
representation-theoretical proof. Let be a holomorphic framed VOA with structure 
codes (C, D) and the 1/16-word decomposition V = (BaeoV"'. Take any codeword 6 G D^. 
By the previous corollary, a V^-module Mc{0,6) can be uniquely extended to either an 
untwisted or Z2-twisted ^-module. As a V^°-module, it is given by an induced module 

V M Mc{0, (5) = f9 ^ Mc{0, S)- 

By Lemma [4. 141 the top weight of V"' and that of V"' ^c(0, S) are congruent modulo 
Z for all a E D. Therefore, the induced module V Kly^ Mc(0, 6) is an irreducible untwisted 
\^-module and thus isomorphic to V itself, as V is holomorphic. Then by considering the 
1/16-word decomposition we see that Mc(0,5) = V'^ = Mc(0,0). Therefore, 5 G C by 
Lemma [4.71 and hence = C. I 

5.2 Construction of a framed VOA 

In |M3| IY2] , certain constructions of a framed VOA are discussed. Assume the following: 



(1) (C, D) is a pair of even linear codes of Z2 such that 
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(1-i) C C D^, 

(1-ii) for each a G -D, there is a subcode E"" C Cq, such that 
E'^ is a direct sum of the [8, 4, 4] -Hamming codes. 

(2) is a code VOA associated to C. 

(3) {V^ I a G -D} is a set of irreducible \^°-modules such that 
(3-i) the 1/16-word of is a, 

(3-ii) all V"-, a E D, have integral top weights, 

(3-iii) the fusion product V"' Klyo V'^ contains for all 

a,(3 e D. 

Then it is shown in [M3t IY2] that the space V := (BaenV"' forms a framed VOA with 
structure codes {C,D). Instead of the condition (1-ii), assume that 

(1-iii) for each a & D, Ca contains a doubly even self-dual subcode w.r.t. a. 

Then we have already shown in Lemma 15.11 that © V"' forms a framed VOA. So by 
the extension property of simple current extensions in Theorem 12.71 we can again show 
that V = ©Q-eD^" forms a framed VOA with structure codes {C,D) under the other 
conditions. The key idea in |M3l IY2] is to use a special symmetry of the code VOA 
associated to the [8,4,4]-Hamming code to form a minimal Z2-graded extension © V"'. 
Thanks to Lemma 15.11 we can transcend this step without the [8,4,4]-Hamming code. 

Theorem 5.11. With reference to the conditions (l)-(3) above, assume the condition 
(1-iii) instead of (1-ii). Then V = (Ba^oV"' forms a framed VOA with structure codes 
iC,D). 

Proof: Let {a* | 1 < i < r} be a linear basis of D and set D^^"* := Span^^io^i I 1 ^ J ^ 
i}. By induction on i, we show that the space V[i] = ©„(=/)(*) forms a framed VOA 
with structure codes {C,D^^^). The case i = is trivial, and the case i = 1 is done in 
Lemma l5.ll Now assume that V[i] forms a framed VOA for z > 1. Then we have two 
simple current extensions V[i] = (Ba(^D(i)^" © V"'^^ . Applying Theorem 12.71 to 

a set {V^ I a G D^*"*"^^} of simple current ^^-modules, we obtain a D^*+^^-graded simple 
current extension V[i -|- 1] = ©a6D(*+i)^° of Repeating this, finally we shall obtain 
the desired framed VOA structure on V[r] = (BaenV"'. I 

We can also generalize Theorem 7.4.9 of |Y2] as follows: 

Theorem 5.12. Let V = (BaenV"' be a framed VOA with structure codes {C,D). For 
any even subcode E such that C G E G D^, the space 

Ind^V := Indgy" = ^Ve^V'' 
forms a framed VOA with structure codes {E,D). 
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Proof: The idea of the proof is almost the same as that of Theorem 7.4.9 of |Y2] . Let 
{7* + C|l<2<r}bea transversal for C in E. It is clear that Ve = ®1=iVc+y 
is an i?/C-graded simple current extension of Vc by Proposition 12.31 First, we show 
that is uniquely extended to an untwisted V^-module. For this, it suffices to show 
that Vc+^i 1 < < are inequivalent Vc-module. Assume — 

Vc+s^Vc'^'^- It follows from a given framed VOA structure and Theorem 15.51 that 
~ y° ^ Vc- Since the fusion product is commutative and associative, by 
multiplying the both sides of Vc+'y — ^c+<5 t)y V"" with respect to the 

fusion product, we have 

Vc+^ ~ Vc+^ K 1/° K ~ Vc+5 K K ~ Vc+5. 

Vc Vc Vc Vc 

Thus, 7 = 5 mod C and hence all V^+^i Kly^ 1 < i < t, are inequivalent Vc-modules. 
Since E C -D"*", the top weight of V" and that of V^+^i ^Vc ^^^^ congruent modulo Z by 
Lemma [4.14[ Therefore, V^" is uniquely extended to an irreducible untwisted V^-module 
IndgF" = Ve^VcV" by Theorem [Ml Since all Ind^^l^", a e D, are E/C-stable 
Vfi-modules, we have the fusion rule 

(Ind^^l^") p (Ind|;gy^) ~ Ind^^ (^'^ K V"'^ j ~ Ind^^y"+^ 

by Proposition 12.51 Therefore, the space 

Indgl^ = 01ndgl^" 

forms a framed VOA with structure codes (i?, D) by Theorem 15.111 I 

By Theorem 15. 5[ its corollaries and Theorem 15. IH a pair of structure codes (C, C"*") 
of a holomorphic framed VOA satisfies the following conditions. 

Condition 1. (F-admissible condition) 

(1) The length of C is divisible by 16. 

(2) C is even, every codeword of C"*" has a weight divisible by 
8, and 

c C. 

(3) For any a G C"*-, the subcode Cq, of C contains a doubly 
even self- dual subcode w.r.t. a. 

For simplicity, we will call a code C F -admissible if it satisfies Condition [H Indeed, 
we can construct a holomorphic framed VOA starting from an F-admissible code. 

Remark 5.13. A linear code C is F -admissible if and only if its dual C"*" satisfies the 
following three conditions: 
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(i) the length of is divisible by 16, 
(a) C*-*" contains the all-one vector, 

(Hi) C*-*" is triply even, that is, wt(a) is divisible by 8 for any a £ C"*". 

For, let D satisfy the conditions (i), (ii) and (Hi) above. Then for any a, /3 G D, the 
weight of their intersection a ■ (3 is divisible by 4 o-nd so a ■ D is doubly even. Then 
there exists a doubly even code E containing a ■ D such that E is self-dual w.r.t. a by 
Theorem \5.3l For any 5 G (a ■ D)^°' , we have {6, D) = (d ■ a, D) = {6,a ■ D) = 0, showing 
E G {a ■ D)^°' C {D^)a. Therefore, is F-admissible. 

Let C be an F-admissible code. Then the all-one vector 1 = (11 ... 1) is contained in 
C"*". Since n = wt(l) is divisible by 16, all irreducible Vc-modules with the 1/16-word 1 
have integral top weights. Let be an irreducible Vc-modules with the 1/16-word 1. 
Then is a self-dual simple current Vc-module. 

Lemma 5.14. Let C be an F-admissible code. For a G C-^, a ^ {0, 1}, there exists 
an irreducible Vc-module W"' such that r(Vr") = a and both W°' and the fusion product 
have integral top weights. 

Proof: Clearly, we can find an irreducible V^-module X such that t(X) = a and X has 
an integral top weight. The 1/16-word of the fusion product is then 1 -\- a and 

its weight is divisible by 8. Thus, the top weight of is in either Z or Z+ 1/2. In 

the former case, we just set W"' = X. If the top weight is in Z -|- 1/2, we take a codeword 
6 G such that 6 is odd. By Lemma SHI the Vb-module {V^ Kvfc ^) ^vfc Mc{0, S) 

has an integral top weight. Set W"" = X Kly^ M(7(0, 5). Since supp(5) C supp(a), the 
top weight of X is congruent to that of W"' modulo Z by Lemma [4.141 which is integral. 
Moreover, V^mvcW - 1/^ Sy^ Mc(0, 5)) ~ (^^ X) Mc(0, 5) also has 

an integral top weight as desired. I 

Proposition 5.15. Let C be an F-admissible code and D a proper subcode of con- 
taining 1. Suppose that we have a framed VOA V = (BaeoV^ with structure codes (C, D). 
Then for /3 G C"*" \ D, there exist a self-dual simple current V -module W such that W 
has the 1/16-word decomposition W = (BaeoW"''^^ and V = V Q)W forms a framed VOA 
with structure codes {C,D + (/?)). 

Proof: By the previous lemma, we can take an irreducible Vc-module such that 
t{W'^) = P and both and V^^Vc^^ are of integral weights. Since /3 G C"^, it 
follows from (3) of Condition [1] that is a self-dual simple current Vc-module. Then 
the induced module IndyoVF^ = ©aGZ)V" Ky^ is an irreducible r^-twisted V-module 
for some "q G Z2 by Corollary 15. 8[ If 77 G -D"*", then the space V©IndyoH^'' forms a framed 
VOA with structure codes (C, D + (/?)) by Theorem 15.111 
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If f] ^ D^, then is not trivial. Set := {a G -D | {a, rj) = 0} and D~ := {a G -D | 
{a, 77) = 1}. Then D = U D~ and 7^ 0. By our choice of W'^, the all-one vector 1 
is in D'^ so that rj is an even codeword. We set 

y± := v^°, iy± := K ly/'. 

Then all V^, are irreducible l^^-modules. The top weight of is integral but the 
top weight of W~ is in Z + 1/2. We shall deform W~ so that it has an integral top weight, 
also. 

Since [(0+)^ n f] = 2, there exists a codeword 7 G (0+)^ n {/3)^ such 

that {'~f,D~) = 1 mod 2. Then it follows from Corollary 15.81 that 

#± := Vc+^ m 

are irreducible untwisted V^-modules. Moreover, by our choice of 7, both of have 
integral top weights since the top weight of is congruent to (7,7 + /3)/2 modulo 
Z, whereas the top weight of W~ is congruent to (7, /3 + 7 + D~) /2 + 1/2 modulo Z. 
Therefore, by Theorem I5.1H we have a framed VOA structure on 

V ®V- ® W- 

with structure codes (C, -D + (/?)). Now setting := © W^", we have the desired 
extension of V . This completes the proof. I 

Remark 5.16. In the proof above, we can construct another extension ofV'^ which also 
has the structure codes (C, D + (/?)) in the following way. Take a codeword 7 G with 
(7,/?) = 1, which is possible as [D-*- : fl (Z?)''"] = 2, and set V~ = Vc^-y^Vc ^'^^ 
W~ = Vc+-y W~ . Then one can similarly verify that the space V'^ © V~ © © W~ 
also forms a framed VOA with structure codes [C, D + 

Theorem 5.17. There exists a holomorphic framed VOA with structure codes (C, C"*") if 
and only if C is F-admissible, i.e., C satisfies ConditionUl 

Proof: Let {ai, . . . , ar-} be a linear basis of C*-*" with ai = 1 and set D[i] := Span^^l'^i I 
1 < j < i} ioT 1 < i < r. By Lemma [5.11 we can construct a framed V^[l] := Vc © V^ 
with structure codes (C, -D[l]). By Proposition I5.15| we can construct a framed VOA 
V[2] with structure codes (C, D[2]) which is a Z2-graded simple current extension of V[l]. 
Recursively, we can construct a Z2-graded simple current extension + 1] of V[i] which 
has structure codes {C,D[i + 1]) and we shall obtain a holomorphic framed VOA V[r] 
with structure codes {C,D[r]) = (C, C*-*-). I 
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Remark 5.18. Condition^ especially (2) and (3), give quite strong restrictions on a 
code C . Roughly speaking, C must he much bigger than its dual C-^ by (3) of Condition 
[21 In addition, if we assume that the minimum weight of C is greater than 2, then the 
corresponding framed VOA may have a finite full automorphism group (cf. \LSY\ Corollary 
3.9]). It seems possible to classify all F -admissible codes C if the length is small. It 
suggests a possibility for classifying all holomorphic framed VOAs of small central charge. 
The most interesting (and the first non-trivial) case would be the classification of c = 24: 
holomorphic framed VOAs. In fact, one can prove that the moonshine vertex operator 
algebra V'^ is the unique holomorphic framed VOA of central charge 24 whose weight 
one subspace is trivial, which is a variant of the famous uniqueness conjecture of the 
moonshine vertex operator algebra proposed in IFLM^ (see also IDCL^ ). The key point is 
that the structure codes of ( or any holomorphic framed VOA V of central charge 24 
and Vi = 0^ are closely related to those of the Leech lattice VOA Va. If V = (Baec^^'^ 
with V° ^ Vc is a holomorphic framed VOA of central charge 24 and Vi = 0, then the 
minimal weight of C is greater than or equal to 4. In this case, for any 6 G of weight 
2, the Ts-twisted orbifold construction yields a VOA 



which is isomorphic to the Leech lattice Va and a pair (CU + D) will be the structure 
codes o/Va- Note that the weight one subspace ofV{Ts) forms an abelian Lie algebra with 



work ILYf . 

6 Frame stabilizers and order four symmetries 

In Section 5, we have seen that structure codes {C,D) of a framed VOA V = (BaenV" 
satisfy certain duahty conditions. The main property is that for any a G -D, the subcode 
Ca contains a doubly even self-dual subcode w.r.t. a and V"' is a simple current V^- 
module. However, it is shown in Corollary 14.181 that V"' is a simple current module 
without the assumption on the doubly even property. In this section, we shall discuss the 
role of the doubly even property. It turns out that by relaxing the doubly even property, 
we can obtain a refinement of the 1/16-word decomposition and define an automorphism 
of order four in the pointwise frame stabilizer. 

We begin by defining the frame stabilizer and the pointwise frame stabilizer of a framed 
VOA. 

Definition 6.1. Let V he a framed VOA with a frame F = Vir(e^) ® ■ ■ ■ (8> Vir(e"). The 
frame stabilizer of F is the subgroup of all automorphisms of V which stabilizes the 




respect to the bracket [a, b] 



a(^o)b. We shall give more details on this point in our next 
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frame F setwise. The pointwise frame stabilizer is the subgroup of Aut{V) which fixes F 
pointwise. The frame stabihzer and the pointwise frame stabihzer of F are denoted by 
Staby(F) and Staby (F), respectively. 

Let (C, D) be the structure code of V with respect to F, i.e., 
V = ^V", t{V") = a and V° = Vc- 

For any 9 G Staby (F), it is easy to see that r^i = Tg^i = 6Tgi6~^ and thus 6 centrahzes 
). Therefore, the group t(Z2) = ( ) generated by the r-involutions 

is a central subgroup of Stab^ (F) isomorphic to Z^/D-^. In addition, we have OV^ = V°' 
for all a G -D and hence 6\vo is an automorphism of V^. 

The following results can be proved easily using the fusion rules. 

Lemma 6.2. Let V = ©agz)\^" be a framed VOA. 

(1) Let (j) G Aut(y°) such that (l)\p = 1(1^. Then (f) G (^(Zg) = (cTgi, . . . , (Ten). 

(2) Let g G Aut(V) such that g\vo = idyo. Then g G r(Z2) = (rgi, . . . ,ren). 

Proof: (1) Consider the 1/2-word decomposition 

V'^= L(V2,/3i/2)®---®L(V2,/3j2) 

/3=(/3i,...,/3„)eC 

of as an F = Vir(e"'^) ^ ■ ■ ■ (g) Vir(e")-module. Since (plp = idp, it follows from Schur's 
lemma that 0|yo acts on L(V2, /3i/2) (g) ■ ■ ■ ® /^(i/j, /3n/2) by a non-zero scalar Oq, for each 
a G C. Moreover, it follows from the fusion rules of L(}/2, 0)-modules in fl3.1l) that 
daO-is = cta+i3 ioT all a, /3 E C. Thus the association C 9 a t— j- Oq, G C defines a character 
of C and hence there is a codeword ^ G such that Oq, = (— 1)^^'"^ Now it is easy to see 
that (j)\vo is realizable as a product of a^i, 1 < e* < ra, that is, </)|yo = a^. 

(2) Since each V"', a G -D, is an irreducible ^^-module, it follows from Schur's lemma 
that g acts on V"' by a non-zero scalar ta G C. Then again by the fusion rules of L(^/2, 0)- 
modules in (13. ip we have tat/B = ta+p so that the map a ^ ta defines a character of D. 
Therefore, there exists a codeword rj eTJ^ such that g = t^^ E (rgi, . . . , Te".). I 

As a corollary, we have the following theorem. 

Theorem 6.3. Let V be a framed VOA with a frame F = Vir(e^) ® ■ ■ ■ ® Vir(e"'). For 
any 9 G Staby (F) , there exist ^ and r/ G Z2 such that 

9\vo = and 6^ = Trj. 

In particular, we have 9'^ = 1. 
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Let 9 E Stahy(F). Then 9\yo = cr^ for some ^ G Z'2. That means 6 is an extension 
of a (T-involution on to the whole framed VOA V. In this section, we shall give a 
necessary and sufficient condition on whether a cx-involution cxg can be extended to the 
whole V. Our argument is based on the representation theory of code VOAs developed 
in Section 4 and 5. 

First let us consider 9 E Staby(-F) such that 6*1^0 = ^ idyo, i.e., ^ . Set 

■={aEC\ (e, a) = 0} and := {a E C \ (e, a) = 1}. Then is a subcode of C, 
[C : CO] = 2 and C = C° U C^. Note also that is fixed by 9 and ^ acts by -1 on Vq^. 
In other words, = Vqo © Vci is the eigenspace decomposition of 9 on V^. 

Now assume that 9^ = t^^ for some 77 G Zg. For each non-zero a G -D, it is clear 
that V° © 1^" is a subalgebra of V and 6* stabilizes ®V". If a G -D n (77)-^, then 

acts as an identity on V*^ © and the eigenvalues of 9 on V^" are ±1. Let V""^ 
and V^""" be the eigenspaces of 9 with eigenvalues +1 and —1, respectively. Note that 
both V^^ are non-zero inequivalent irreducible l^°"''-submodules. For if V""^ = 0, then 
yo- . ya- ^ ya+ ^ which coutradlcts Proposition 11.9 of [PL] . Since the subalgebra 
V^QV = © V°- © V""+ © affords a faithful action of a group Z2 x Z2 of order 4, 
l^"^ are inequivalent irreducible l^°"'"-submodules by the quantum Galois theory |DM1] . 



If a G D \ (rj)-'-, then 6*^ = — 1 on V"' and the eigenvalues of 9 on are ±V— 1. 

Let V"^ be the eigenspace of 9 of eigenvalues of ±-\/— 1 on V". Then = V°'~^ © V^"~. 

are again non-zero inequivalent irreducible y°"^-submodules. The argument above 
actually shows that 9 is of order 2 if and only if (77, D) = 0, i.e., 77 G D^. 

By the observation above, we have 

Lemma 6.4. For any a E D, let V^^ be defined as above. Then the dual V^^ -module 
^yaiy isomorphic to V^^ if and only if a E {rj)-^ . Otherwise, {y°''^)* is isomorphic to 
yoL^ ^ 

Proof: Since any framed VOA is self-dual, the sub VOA © of V is also self-dual. 
Since 1/"^ ■ 1/"^ = 1/°+ if and only if a G (7/)^, the duality is as in the assertion. 1 

We have shown that for any 9 E Staby (F) \r(Z2), \9\ = 2 if and only if all irreducible 
^^''"'"-submodules of V are self-dual, and otherwise |^| =4. We rewrite this condition in 
terms of the structure codes as follows. 

Lemma 6.5. Let 9 E Staby (F) such that 9\y<3 = and 9"^ = t^, for some ^ G \ C"*- 
and T] E Tl. Set = {a E C \ (^, a) = 0} and = {a E C \ a) = l}. 

(1) For a G -D n (t/)"*", {C^)a contains a doubly even self-dual subcode w.r.t. a. 

(2) For a E D \ (//)"'", {C^)a contains a self-dual subcode w.r.t. a, but {C^)a does not 
contain any doubly even self-dual subcode w.r.t. a. 
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Proof: (1) For a G -D fl {i])-^, let V"" = V°'~^ © V^"~ be the eigenspace decomposition 
such that 6 acts on by ±1. In this case the subspace V^^ © V^^ forms a framed sub 
VOA of V. By Proposition 15.41 {C^)a contains a doubly even self-dual subcode w.r.t. a. 

(2) For a E D \ (t])"*", let = V^^ © be the eigenspace decomposition such that 
Q acts on V^"^ by ±-\/— 1. In this case the restriction of Q on the sub VOA 

© = © © \/"+ © \/"- 

is of order 4. By the quantum Galois theory |DMlj . V^^ and are inequivalent 
irreducible V^'^ = Vf^o-modules. By Lemma 16.41 V'^'^ and V^' are dual to each other. 
Therefore, by Proposition I4.1H any maximal self-orthogonal subcode of {C^)a is not 
doubly even. Let if be a doubly even self-dual subcode of Ca w.r.t. a and a maximal 
self-orthogonal subcode of (C°)q,. Since (C°)q does not contain a doubly even self-dual 
subcode w.r.t. a, {C^)a is a proper subgroup of Ca so that [Ca ■ (C*°)a] = 2. It follows from 
Theorem 14.31 that is a direct sum of [C : Ca] inequivalent \^(0)-submodules with the 
multiplicity [Ca '■ H]. Similarly, each of V^^ is a direct sum of [C^ : {C^)a\ inequivalent 
irreducible F-submodules with the multiplicity [{C^)a '■ H^]. Since V^^ and V^' are dual 
to each other, they are isomorphic as F-modules. Therefore, by counting multiplicity of 
irreducible F-submodules of and V^°^, one has [Ca '■ H] = 2[{C^)a '■ H'^]- Combining 
with \Ca\ = 2|(C0)„|, we obtain \H\ = \H^\ = 2^*(")/2_ Therefore, H° is a self-dual 
subcode of (C°)q, w.r.t. a. I 

Lemma 6.6. Let C be an even code and P G C"*". Assume that V = Vc (B Mc{P,'y; l) 
forms a framed VOA and C contains a subcode E with index two such that E contains 
a self-dual subcode w.r.t. /3. Then V decomposes into a direct sum of four inequivalent 
simple current VE-submodules 

V = MEiO, 0) © Me{0, S) © Me{(3, 7; j) © Me{(3, i + 5;j), 

where S is an element of C such that C = E U {E + 6) and j : E (1 E-^ C* is a 
map such that jIehc-^ = (o^; ' (Z^, = (a + (3,j{a + (3)) G 'k^}{E) for all 

a, /3 E E n E-^ . Moreover, all irreducible VE-submodules ofV are self-dual if and only if 
E contains a doubly even self-dual subcode w.r.t. /3. 

Proof: Let 5 G C such that C = EVA{E + 5). Then the decomposition Vc = Me{0, 0) © 
Me{0, 6) is obvious. Let H he a. self dual subcode of Ef^ w.r.t. (3. Then H is still a maximal 
self-orthogonal subcode of C^. Let j : i/ — t- C* be an extension of l : C (1 C*-*" — > C* such 
that ■ {f3,j{f3)) = (a + f3,j{a + /?)) for all a, f3 G H. Then jIehc^ = 

the decomposition Mc{/3, 7; l) = Me{/3, 7; j) © Me{/3, 7 + 5; j) follows from Corollary 14. 8[ 
That all irreducible V^-submodules are simple currents follows from Corollary 14.181 If E 
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contains a doubly even self-dual subcode w.r.t. /3, then all irreducible VE-submodules of 
V are self-dual by Proposition 14.111 Conversely, if all irreducible VE-submodules of V are 
self-dual, then Ve © Me{P, 7; ]) forms a sub VOA of V so that E contains a doubly even 
self-dual subcode w.r.t. (3 by Proposition 15.41 This completes the proof. I 

Theorem 6.7. Let V he a framed VOA with a frame F = Vir(e-'^) (g) ■ ■ ■ (g) Vir(e") and let 
{C,D) be the corresponding structure codes. For a codeword G Z2 \ C*-*" , there exists 
9 E Stab^*(F) such that 9\ yo = cr^ if and only ifa-C, G C for alia G D. Moreover, \6\ = 2 
if and only ifwt{a • = mod 4 for all a G D, and otherwise \6\ = 4. 

Proof: Let 6 G StabP*(F) such that e\vo = with ^ G \ C^. Set C° := C n (0^ 
and := C \ Then by Lemma 1631 (C°)q, contains a self-dual subcode w.r.t. a for 
any a E D. Since 

= {(3 EC \ {(3,^) = and supp(/3) C supp(a)} 

and = ■ = for all /3 G (C")^, a-^ E for all a G Therefore, 

a ■ ^ is contained in all self-dual subcodes of {C^)a w.r.t. a and hence a ■ C, E {C^)a C C 
as claimed. 

Conversely, assume that a codeword ^ G yC*-*- satisfies a-^ G C for all a E D. Then 
C° = C n (,^)-'- is a proper subcode of C with index 2. By definition, a ■ C, E {{C^)a)^ for 
all a E D. Therefore, any maximal self-orthogonal subcode of (C°)q, contains a ■ ^. Set 
D° := {a E D \ wt(a ■ = mod 4} and L)^ := {« G D | wt(a -0 = 2 mod 4}. It 
is clear that D = U D^. If a G D^, then there exists a doubly even self-dual subcode 
of (C°)q w.r.t. a. For, let if be a doubly even self-dual subcode of Ca, which exists by 
Proposition 15.41 If H is contained in {C^)a, then we are done. If not, then a ■ ^ ^ H and 
H n = H n (^)-^ is a subcode of H with index 2 so that 

gives a doubly even self-dual subcode of {C^)a w.r.t. a. Similarly, we can show that (C°)a 
contains a self-dual subcode w.r.t. a for any a E D^. But in this case any self-dual subcode 
of {C^)a w.r.t. a is not doubly even, as it always contains a ■ C,- We have shown that for 
each a E D, {C^)a contains a self-dual subcode w.r.t. a so that one has a Vc-o-module 
decomposition = V^'^ © V^'"^ and p = 1,2, are simple current Vco-submodules 
by Lemma 16.61 

Let {a^, . . . , a*"} be a linear basis of D'^. For each 1 < i < r, choose an irreducible 
V(70-submodule f/"* of V"'' arbitrary. Then for a = a*^ + ■ ■ ■ + a*'-' G -D'', set 

[/" := L/"'' K ■■■ K t/"''. (6.1) 
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Since all U°'' , 1 < i < r, are simple current self-dual Vc-o-modules, U" is uniquely defined 
by (EH) for all a E D'^. Note that U° = Vco. Since ©^eDoV"" is a sub VOA of V, 
are irreducible Vco-submodules of for all a G D^. Therefore, we obtain a framed 
sub VOA U := ©ogz)0^" of V with structure codes (C°,D°). It is easy to see that 
= t/" © (Vci Ky^o t/") for a G L"" by Lemma EH 
ve have V = U ® {Vci ^v^o 
define a linear automorphism 6^ on by 



If D = D^, then we have \^ = f/ © (V^i Kly ^ [/) as a V^o-module. In this case we 



1 on U, 
-1 on VbiKy^of^- 



Then it follows from Lemma and Proposition 14. 1 51 that 9^ G Staby (F) and 0^\vo = cr^. 
Therefore, cxj can be extended to an involution on V. 

li D ^ L)0, then D = U D'^ with ^ 0. In this case, take one (3 e and an 
irreducible V^o-submodule of . Since and all a G C'', are simple current 
Vc-o-modules, we have a Vc-o-module decomposition 

of for all a G C° by Lemma 16.61 Since (C°)a+^ contains no doubly even self-dual 

subcode w.r.t. a + /3, the decomposition 

induces an order four automorphism on a sub VOA © \/"+^ of ^ by Lemma 16.61 and 
Proposition 14.151 Set 

Then we have obtained the following decomposition of as a VJ^o-module: 

V = U ®{Vci m U)®W ® {Vcn m W). 

We define a linear automorphism 6^ on V by 

^ 1 on 



-1 on Vc^mv^,U, 

^ on 



-1 on Vci n W. 



Then it follows from the argument above that 6^ G Staby (F) and 0^\yo = cr^. Therefore, 
gives rise to an automorphism of order 4. 
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Summarizing, we have shown that there exists 9 G Staby (F) such that 6'|v^o = cr^ if 
and only if a ■ ^ G C for all a G -D. It remains to show that for such 9, \9\ = 2 if and only 
if wt(a ■ = mod 4. But this is almost obvious by the preceding argument. i 

Remark 6.8. Let V = (Bo&dV"' be a framed VOA with structure codes {C,D). It was 
conjectured in IM3[ Conjecture 1] that for any codeword (3 E C , the a-type involution G 
Aut(y°) can he extended to an automorphism ofV, that means there exists g G Staby (F) 
such that glya = a 13. By the theorem above, we know that this is not correct; we have to 
take a codeword (3 such that a ■ (5 E C for all a E D. 

Motivated by Theorem EH we define P := G | a ■ ^ G C for all a G It is 
clear that P is a linear subcode of C . Moreover, we have 

Lemma 6.9. C P. 

Proof: Let 5 G C"*". For a E D, one has {6, Cq) = by definition and hence {a ■ 6, Co) = 
0. Since Ca contains a self-dual subcode w.r.t. a by Theorem 15. 5[ a ■ 6 E Ca E C. I 

For each codeword ^ G P, there exists 9^ E Staby (P) such that %|yo = by Theorem 
16.71 However, the construction of 9^ in the proof of Theorem 16.71 is not unique since we 
have to choose a linear basis of D'^ and irreducible Vco-submodules. Nevertheless, the 
following holds. 

Lemma 6.10. Let 9^(f) E Staby(P) such that 9\ya = (j)\yo = a^. Then = ^r^ for some 
r] E 

Proof: Since 6'|yo = 0|yo, we have 9~^(^\yo = idyo. By Lemma \6.2\ there exists t] E Z"^ 
such that 9~^(j) = and hence = as desired. I 
In other words, 9^ is only determined modulo r- involutions. We have also seen in 
Lemma l^^ that 9^ E tCZ"^) if and only if ^ G C*-*". Since C*-*" C P by Lemma the associ- 
ation (-7- 9^t{Z2) defines a group isomorphism between P/C-^ and Staby (P)/r(Z2). 
Therefore, we have the following central extension: 

1 r(Z5) StabP'(P) StabP*(P)/r(Z^) 1 

U II U 

1 Z'ijD^ — ^ StabP'(P) P/C^ — > 1 

The commutator relation in Staby (P) can also be described as follows. 

Theorem 6.11. For E P, let 9^i,i = 1,2, be extensions of a^t to Staby(P). Then 

[9^1, 9^2] = 1 if and only if {a ■ C,^,a ■ C,"^) = for all a E D. 
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Proof: Since the case G 0^2r(Z2) is trivial, we assume that a^i 7^ (7^2. For i = 1,2, 
set := {a G C I (a,^) = 0} and E := H Then are subcodes 

of C with index 2 and E' is a subcode of C with index 4. Let 5^,5^ G C such that 
CO.e = E u + 5*). By definition, a- a - e (K)^ for all a G so that 
contains a self-dual subcode w.r.t. a if and only if (a ■ ■ = 0. We have seen 
that acts semisimply on each V^, a E D, with two eigenvalues, and these eigenspaces 
are inequivalent irreducible V^o.e'-submodules. For an irreducible VE-submodule W of 
y", the subspace W + {Ve+s^ ■ W) forms a V^^o.s^-submodule so that acts on W by 
an eigenvalue. Therefore, 6^1 commutes with 6^2 if and only if V"' splits into a direct 
sum of 4 irreducible V^-sub modules for all a G -D. Let rria be the number of irreducible 
V^-submodules of V"'. For a E D, let and be maximal self-orthogonal subcodes of 
Ca and Ea, respectively. By the structure of irreducible modules over a code VOA shown 
in Theorem 14.31 is a direct sum of [C : H] irreducible F-submodules. Moreover, 
again by Theorem 14.31 any irreducible V^-submodule of is a direct sum of [E : 
irreducible F-submodules. By counting the number of irreducible F-sub modules of V^, 
we have rrialHal = 4|if°| as [C : E] = 4. Thus, E^ contains a self-dual subcodes w.r.t. a 
if and only if rria = 4. Hence, ^^1 commutes with 6^2 if and only if {a ■ a ■ =0. 1 

We have shown that the structure of Staby(F) is determined by Theorems 16.71 and 
l6.11l only in terms of the structure codes (C, D). 

Remark 6.12. In I I Y3^ . one of the authors has shown that for any Ising vector e G V\ 
we have no automorphism g G Aut(y'') such that g restricted on (V^)^'^''^ is equal to CTg. 
Thanks to Theorem \ 6. 7\ we can give a simpler proof of this. As shown in IDMZf . the 
moonshine VOA is framed. Take any Ising frame F = Vir(e^) ■ ■ ■ Vir(e'^®) of 
and set ^ = (10^^) G Zg^. Since C, is odd, there is no extension of = (Tgi to StabP\(F) 
by Theorem \6. 7\ Since all the Ising vectors ofV^ are conjugate under KntiV^) = M (cf. 
IMiJ /). e and are conjugate. Therefore, there is no extension of to 

At the end of this section, we give a brief description of the frame stabilizer Stahv{F). 
Its structure is also discussed in |DGH] . It is clear that Staby (F) is a normal subgroup of 
Staby(F). Let g G Stabv/(F). Then g induces a permutation fig G S„ on the set of Ising 
vectors {e^, . . . , e"} of F, namely ge'^ = e^^^'^\ Since g preserves the 1/16-word decompo- 
sition V = (BaeoV^, it follows that gV"' = y^s^") with Hg{a) = (a^g(i), . . . , Q;^g(„)). In 
particular, g restricted on defines an element of Aut{V^) = Aut(Vc') which is a lift of 
Aut(C). Therefore, every element of Staby(F) is a lift of Aut(C) fl Aut(Z^). Conversely, 
we know that for any /i G Aut(C), there exists fl G Aut(Vc') such that /ie* = e^^^^ for 
1 < i < n hj Theorem 3.3 of |Shj . It is shown in Lemma 3.15 of |SY] that if ft lifts to an 
element of Aut(y) then {{V°')'^ \ a G D} coincides with {V"' \ a G D} as a set of inequiv- 
alent irreducible Vc-modules. Therefore, there exists a lift of /i G Aut(Vc') = Aut(V°) to 
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an element of Aut(V^) if and only if the subgroup {V^" | a G -D} of the group formed by 
all the simple current Vc-module in the fusion algebra is invariant under the conjugation 
action of [l. If such a lift of /i exists, it is unique modulo Staby (F). For if /i and /i' 
are two lifts of /x, fixes F pointwise, showing G Staby (F). Thus, the factor 

group Stab\/(F)/Staby (F) is isomorphic to a subgroup of Aut(C) fl Aut(i5) which gives 
a slight refinement of (3) of Theorem 2.8 in |DGHj . The Vc-module structure of (y")^ 
involves some extra information other than C and namely, if ^ Mc(a,7; to) for 
a G -D then (V^")'^ ~ Mc{ii~^a,^'\ ^^-Iq,) for some codeword 7' G Z2, and this 7' depends 
not only on C and D but also on 7, and l^-i^- We do not have a general result for the 
lifting property of Aut(C) fl Aut(D) at present. 

7 4A-twisted orbifold construction 

Let be the moonshine VOA constructed in |FLMj . In this section, we shall apply 
Theorem 16.71 to define a 4A-element of the Monster M = Aut(V^^) and exhibit that the 
4A-twisted orbifold construction of the moonshine VOA V''^ will be V''^ itself. 

By |DGHl IM3j . we can take an Ising frame F = Vir(e^) ® ■ ■ ■ ® Vir(e^®) of V''^ such 
that the associated structure codes (C, V) are as follows: 

C = V^, V = Span^^{{l^%^^),{O^H^^),{a,a,a) \ a G RM(1,4)}, 

where RM(1, 4) C "I^l^ is the first order Reed-MuUer code defined by the generator matrix 

'nil nil nil iiii' 
nil nil 0000 0000 
nil 0000 nil 0000 . 
1100 1100 1100 1100 
1010 1010 1010 1010 

Note that 

C = {{a, (3, 7) G Zf I a, /3, 7 G Z]^ are even and a + /3 + 7 G RM(2, 4)}. (7.1) 

Remark 7.1. The weight enumerator o/RM(l,4) is X^^ + 30X^Y^ + Y^^. 

Let = ©oex'(^'')" be the 1/16-word decomposition. Set 

V := eZf \a-^eC ioT all a G V}. 

Then for each ^ G P, one can define an automorphism 6^ G Staby\(F) such that %|yo = 
cr^ by Theorem 16. 7[ Note also that V = < V < C and a^i = cr^2 if and only if 
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Lemma 7.2. Let C, T> and V he defined as above. Then 



V = {ia, (3, 7) G I a, /3, 7 G RM(2, 4) and a + /3 + 7 G RM(1, 4)}, 
where RM(2,4) = RM(1,4)-'- C 1^1^ is the second order Reed-Muller code of length 16. 

Proof: Set E := {{a, (3, 7) | a, /3, 7 G RM(2, 4) and a + /3 + 7 G RM(1, 4)}. We shall 
first show that E C V. It is clear that if di-^, ^2 ■ ^ G C then (^1 + ^2)''^ = c^i " + ■ C ^ ^■ 
Thus, we only need to show that (i ■ ^ G C for ^ G -E and d in a. generating set of P. 

Let ^ = (^^{^{^) G E with each e G Z^^. Then^\^\^^ G RM(2,4). Hence, a-^ G C 
for a = (1^^032), (O^^li^O^^) and (O^^liS) ^ P. Take any two codewords /3,7 G RM(1,4) 
with weight 8. Then the weight of /3 ■ 7 is either 0, 4 or 8 by Remark 17.1 [ By the definition 
of E, we have + + ^3 ^ RM(1, 4). Therefore, 

e)) = wt(/3 ■^■{e+e+ e)) = o mod 2 

and hence 7- (^1 + ^2 ^{3) G RM(1,4)^ = RM(2,4). Since f G RM(2,4) = RM(1,4)^, all 
■y-^\i = l, 2, 3, are even codewords. Therefore, (7, 7, 7) = (7 7-^^, 7-^'^) G C for all 
7 G RM(1,4). As Pis generated by the elements of the form: (l^^O^^), (O^^l^^O^^), (O^^l^^) 
and (7,7,7) with 7 G RM(1,4), we have E CV. 

Conversely, assume {a^, o? ^ a^) G P with a* G Z}^ . Then one has [ol^ ^ o? ^ oc'\f3 G C for 
/3 = (li6o32)^ (0^*^116016) and (O^^l^^) g 1) so that G RM(2,4) for z = 1,2,3. Moreover, 
for (7,7,7) G T) with 7 G RM(1,4), {a^,o?,o?^ ■ (7,7,7) G C is an even codeword. Then 
it follows from ([71]) that (a^ + + a^) ■ 7 G RM(2, 4) and thus + + ^3 ^ RM(1, 4). 
Hence E = V. I 

Take 

^ = (1100 00001100 0000 0110 0000 0110 00001010 00001010 0000) G . (7.2) 

Then ^ G P by Lemma O Set := {a G I? | wt(a ■ = mod 4} and := {a G 
P I wt(a ■ ,^) = 2 mod 2}. It is easy to see that 



D° = Span. (W2), (032116), («,^,^) 



a = (1^6), ({l^OT), 
({l^O^}^) or ({10}8) 



and pi = ({1^0^}3) + -po. Therefore, the index \D : is 2 and in this case the 
involution G Aut((y'')°) can be extended to an automorphism G Stab^*^(F) of order 
4 by Theorem O We also set C° := {a G C | (a,^ = 0} and := {a G C | = 1}. 

Let us consider a subgroup of "D x C* defined by 

:D:=(I?°x{±1})u(I?1x{±v^}). (7.3) 
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For {a,u) eV xC*, set := {x G {V^)°' \ O^x = ux}. Then we have a P-graded 

decomposition 

1/^=0 (V^^)(o.i) = v^^o, (yyo.-i) = Vci, (7.4) 

(o,m)6I? 

where V^o denotes the code VOA associated to C° and V^i is its module. Since {C^)a 
contains a self-dual subcode w.r.t. a E T) hy Lemma 16.51 all (V^)^°'''^\ (a,u) E V, are 
simple current Vco-modules by Corollary 14.181 Therefore, V'^ is a P-graded simple current 
extension of a code VOA = Vco. 

By direct computation, it is not difficult to obtain the following lemma. 

Lemma 7.3. For any non-zero a E , the subset {C^)a is not empty. In other words, 
[C„,(CO)J =2. 

Remark 7.4. For a general framed VOA with structure codes {C,D), it is possible that 
the set {C^)a is empty for some non-zero a E D. For example, we can take D = 
{(0i6),(l8 08),(0n8),(li6)}^ C = D^, ^ = (12 Qi^) and a = (On^). Then, = {C% 
and {C^)a is empty. Note that {C,D) can be realized as the structure codes of the lattice 

VOA ve, (cf mw)- 

Theorem 7.5. 9^ is a ^A-element of the Monster. 

Proof: We shall compute the McKay-Thompson series of 9^ defined by 

T,^(z) :=trv,%g^(°)-\ q = e^-^^'. 
Recall the notion of the conformal character of a module M = ©n>o^n+h over a VOA V: 

oo 

chM(g) := trMg^(°)-^/'' = 5^ dime M.+.g^+^-'^Z^^ 

n=0 

It is clear that 

Te^iz) = Yl ch(vh){<.,i)(g) - ch(yi){.,-i) (g) 

+^/^ ch(^^)(„,v^)(g) - Y ch(yb)(a,-v^)(g)- 

Let a eV\ Since (\/y«.±V=T) 

are dual to each other, their conformal characters are 
the same. Let a E T>^ be a non-zero codeword. By Lemma [7.3^ there exists a codeword 
in {C^)a- Then by Corollary 14.81 one sees that (V^)("'^) and (V^^)("'~^) are isomorphic 
F-modules. Therefore, they have the same conformal characters. Then 

Tg^ {z) = ch(yi)(o,i) (q) - ch(yi,)(o,-i) (g) 

= chv^o (^) - chv^i (?) 
= 2chy (g) -divciq). 
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The conformal character of a code VOA can be easily computed. The following conformal 
characters are well-known (cf. |FFR] ) : 

oo 

ch^(i/2,o)(g) ± ch^i/2,i/2)(g) = q-'"' n (1 ± 

n=0 

Since C = and C° = (P + (O)"*"! the weight enumerators of these codes are calculated 
by the Mac Williams identity |McS] : 

Wc{x,y) = -^^Wvix + y,x -y), 
Wco{x,y) = |p ^ I ix + y,x-y), 

where 

Wv{x, y) = x^^ + 3x32yi6 + i20x^Y^ + ?>x^^y^'^ + y^\ 
Wv+{^) (x, y) = x^^ + 2x=^^?/^2 + 3a;32^i6 ^ 30a;28^2o ^ ig^^^Y^ + 30x^^y'^^ 
^3^16^32 ^ 2x^2^=^^ + y^^. 



Now set 



f{x,y) := Wv+{o{x,y) -Wv{x,y) 



Then one has 



Te^ (z) = 2div^„ (q) - chy^ (g) 

= [2Wco{x, y) - Wc{x, y)].=ch,(,/,,o) (,), .=ch,(,/,,/,) w 



27 
1 



2'=<:liL{l/2,l/2)('3) 



00 



^ \n=0 n=0 

= + 276g + 2048g2 + . . . . 

Therefore, 9^ is a 4A-element of the Monster by [ATLAS] . I 

Next, we shall construct the irreducible 4A-twisted l^^-module. Let us consider irre- 
ducible Vco-modules whose 1/16-word is ^ defined in (17. 2p . 



Lemma 7.6. (1) (C)^ is a self-dual subcode w.r.t. ^. 

(2) For any 7 G Zg, the dual of Mco(^,7; l) is isomorphic to Mco(^,7 + k; l) with n 
({107}2032) G Zf . 
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Proof: By a direct computation, one can show that Q = (C°)^ is generated by the 
following generator matrix: 



11000000 11000000 00000000 00000000 00000000 00000000 

00000000 00000000 01100000 01100000 00000000 00000000 

00000000 00000000 00000000 00000000 10100000 10100000 

10000000 10000000 01000000 01000000 00000000 00000000 

10000000 10000000 00000000 00000000 10000000 10000000 

11000000 00000000 01100000 00000000 10100000 00000000 



From this, it is easy to see that (C^)^ is a self-dual code w.r.t. ^. If we set 

K = (1000 0000 1000 0000 0000 0000 0000 0000 0000 0000 0000 0000) e Zf, (7.5) 
then supp(k) C supp(0 and we have (-1)<"''') = (-l)wt(°)/2 for all a G (C°)^. Therefore, 



By the lemma above, we know that (C°)g is self-dual w.r.t. C, and thus (C*^)^ equals to 
its own radical. From now on, we shall fix a map l : (C°)^ — )■ C* such that the section 
map (C)^ 9 a (-)■ (a, t{a)) E 7r^}{C^) is a group homomorphism. We shall simply denote 
Mco(e,7;0 by Mco(e,7) and set W := Mco{^,0). 

Lemma 7.7. All (\/^)("'") ^Vo^' 

{a,u) E V, are inequivalent irreducible Vco -modules. 



Proof: Suppose (V^)("'") K^/^, - (V^)^'^^''^ ^v^.W with {a,u),{P,v) E V. Since 



in the fusion algebra. By considering 1/16- word decompositions, one has a = P and 
E {±1}. Let 6 EC be such that = C° + 6. If u'h = -1, then (\a^)("+A«-''') = 
(y^)(o-i) = Vci = Mco(0,(5) so that by LemmaSHone has 

W = (v^)("+/3.«"'^) = Mco{0,6) M Mco(e,0) = Mco{^,S). 

It is shown in Lemma 17.61 that (C°)^ contains a self-dual subcode w.r.t. ^. Then W is 
not isomorphic to Mco{^,6) by Lemma 14.71 and we obtain a contradiction. Therefore, 
u~^v = 1 and hence {a,u) = {/3,v). This completes the proof. I 

By Theorem 12.41 and the lemma above, the space 



the dual of Mco(^, 7; l)* is isomorphic to Mco(^, ■y + k; l 



) by Proposition 14.111 



= (l^^)K«~') Ky^^(l^^)(/5'^) Mv^, W 




(7.6) 
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carries a unique structure of an irreducible xv^-twisted l^^-module for some xw ^ (^)* C 
M. It is clear that xw E Stahy^{F). Since the top weight of W is 3/4, V\6^) is neither 
2A-twisted nor 2B-twisted V^Lmodule so that xw is an element of M of order 4. Hence, 
there exists ^' E V such that = ^r^'- By the construction of V\9^), we know that 

<Z {a E C \ {a,C,') = 0} C C so that cr^ = cr^/ and Xw = % ' ^r; for some r] E iJf . 
Since the definition of is only unique up to a product of r-involutions, we can take 
% = Xw- Note that the definition of ^^(%) in (17. 6p depends only on the decomposition 
of V'^ as a Vco-module. Replacing by Q^r^ with /3 E will only change the labeling 
of the Vco-modules in (17. 4p and does not affect the isotypical decomposition of V'^ as a 
Vco-module. Thus, we have constructed the irreducible 6'^-twisted V^'^-module. 

Theorem 7.8. defined m ([H]) is an irreducible 4A-twisted module over 



Remark 7.9. By Lemma \7. 6\ and Corollary \4.8[ we see that the top weight of the ^A- 



twisted module is 3/4 and the dimension of the top level is 1. 

Let us consider the dual module W* of W . It is clear that W and W* are inequivalent 
since k ^ C°. All Kly^^ W* , {a,u) E V, are inequivalent l^jo-modules, and so the 

space 

v\el) := m w* = m Mco{^,k) (7.7) 

has a unique irreducible xw* -twisted ^^''-module structure with a linear character xw ^ 
T>* (cf. Theorem 12.41) . It is also shown [DLM2j that the dual of xv^-twisted module forms 
a x^^-twisted module. The dual V^^-module of V\9^) contains W* as a Vco-submodule, 
and V\9^) is uniquely determined by W*, so xw* is actually equal to ^| = 9^^ by our 
choice of 9^. Therefore, V\9^) is the irreducible ^|-twisted l^^'-module. 

In order to perform the 4A- twisted orbifold construction of V\ we classify the ir- 
reducible representations of {V^)^^^\ By (17. 4p . the fixed point subalgebra (\/^)^^«^ is a 
framed VOA with structure codes {C^,V^). 

Proposition 7.10. There are 16 inequivalent irreducible (V^)^^^^ -modules. Every irre- 
ducible iy^Y^^'' -module is a submodule of an irreducible 9^^-twisted V^-module for < i < 
3. Among them, 8 irreducible modules have integral top weights. 

Proof: Since and (\/^)^^f^ are simple current extensions of the code VOA V^o, is a 
Z4-graded simple current extension of (y^)^^^'^ by Proposition 12.31 Then by Theorem 12. 4[ 
every irreducible (l^'')^^«^-module is a submodule of a ^^-twisted module for < i < 3. It is 
shown in |DLM3] that has a unique irreducible ^^-twisted module for < z < 3 as is 
holomorphic. Therefore, we only have to show that each irreducible ^^-twisted l^^-module 
decomposes into a direct sum of 4 inequivalent irreducible (y^)^^«^-submodules. Since 
V\9^) and V\9^) are dual to each other (cf. |DLM2j ). we know each of them has four 
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inequivalent irreducible (y^)^^«'*-submodules. So we shall consider the ^|-twisted module. 
Let K G lif" be defined as in f l7.5p . Then one can easily verify that 9'^ = t,^. We consider 
an irreducible Vco-uiodvle Mco(0,k). We claim that Kv-^o Mco(0,k), G V, 

are inequivalent irreducible Vco-modules. The irreducibility of (l^'')^"'"-' Kly^g Mco(0, k) 
is clear since all are simple current Vco-modules. If (V^^)*^°'"^ Kly^Q Mco(0, k) ~ 

(V^^)*^^'^^ Klv^Q Mco(0, k), then by the 1/16-word decomposition, we have a = (3 and u~^v G 
{±1}. Let 5 G such that = C° + 5. If u~^v = -1, then = Mco(0,(5) 

and one has 

= Mco(0,5) Ky^oMco(0,fi:) 
= Mco(0,K + 5). 

But this is a contradiction by Lemma [4.71 Therefore, all (\/^)("'") Kly^g Mqo^O, k), (a, u) G 
V, are inequivalent irreducible l^o-modules. Now by Theorem 12.41 and Lemma 14.141 the 
space 

V\el):= K Mco(0,fi:) (7.8) 

forms an irreducible = 6'|-twisted y^jjiodule. Thus V'^{6'^) splits into four irreducible 
(yti)(^«)-submodules as follows. 




Therefore, all irreducible 6'^-twisted V^-modules are direct sums of 4 inequivalent irre- 
ducible (l^^)^^^^-submodules and we have obtained 16 irreducible (V^^)^^«^-modules. It 
remains to show that these 16 modules are inequivalent. Since every irreducible 
module can be uniquely extended to a ^^-twisted l^^-module by Theorem 12.41 these 16 
irreducible modules are actually inequivalent. 

Among these 16 irreducible (\^'')^^«^-modules, we have 4 modules having integral top 
weights from V^, 2 from ^|-twisted V^-module, 1 from 6'g-twisted and 1 from ^|-twisted 
modules, respectively. This completes the proof. I 

We have also shown that every irreducible 6'^-twisted V^''-module has a Z4-grading 
which agrees with the action of 6^ on V^. By this fact, we adopt the following notation. 

For M G C* satisfying = 1, we set ^^(1,^) := {a E \ O^a = ua}. For i = 1 or 
6, we define V^^M) ^ be the unique irreducible (V^)^^«^-submodule of V\9l) which has 
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an integral top weight. They can be defined exphcitly as follows. 

V\e^, 1) := 0^^^,(F^)K-v^) my^, Mco(^,0), 

VKel 1) := 0^^^,(r^)(-.v^) My^^ Mco{^, k). 

For i = 2, there are two irreducible (l^'')^^?^ -sub modules in V\9'^) having integral top 
weights. We shall define 

V\el 1) := 0^^^o(r^)(--i) ^y^^ Mco(0, «:), 

(7.9) 

V\el -1) := 0^^^„(r^)Ki) My^^ Mco(0, «:). 

In addition, we define 

v\eLu) ■.= v\i,u) m v\ei,i) fori<z<3. (7.10) 

Set G := (0^) X {n G C* I = 1}. Then {V\g, u) \ {g, u) G G} is the set of all inequivalent 
irreducible (l^^)^^«^-modules. 

Proposition 7.11. The fusion algebra associated to (\/^)^^?^ is isomorphic to the group 
algebra of G. The isomorphism is given by V^{g^u) t— t- {g,u). 

Proof: Since the structure codes of is (C^,!'^), is a P^-graded simple 

current extension of Vqo . So we have the following fusion rules: 

V\l,u) m V\l,v) = V\l,uv) for u,v eC*, = v^ = 1. 

Since all V\g,u), {g,u) G G, are X'^'-stable, we can use Proposition 12. 5[ The following 
fusion rules of \^o-modules are already known: 

Mco(0, k) My^^ Mco(0, k) = Mco(0, 0), Mco(0, k) My^^ Mco{^, 0) = Mco{^, k), 

Mco (e, 0) My^^ Mco (e, 0) = Mco (0, «:) , Mco (e, 0) ^y^, Mco (C, = Mco (0, 0) . 

Therefore, we have the following fusion rules of (V^'')^^«^-modules: 

v\e\ 1) v\e\ 1) = v\i, 1), v\e^ i) m^^.^^o,, v\e, i) = v\e^ i), 
i^H^, 1) ^H^, 1) = v^ie^ 1), v^H^, 1) ^(v.^)(«e> v^{e^ i) = y^i, i)- 

Since the fusion algebra is commutative and associative, the remaining fusion rules are 
deduced from the above and we can establish the isomorphism. I 

A 6 ^-twisted orbifold construction of refers to a construction of a Z4-graded (simple 
current) extension of the 6'^-fixed point subalgebra {V'^Y^^'' by using the irreducible sub- 
modules of y''(6'^) with integral weights. By Proposition 17.10^ such modules are denoted 
by 

yHl,±l), V^Hl,±v^), V\9l±l), V\9^A) and V\9ll). 
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By the fusion rules in Proposition 17.1 If there are three possible extensions of 
namely, 

= V\l,l)®V\l,-l)®V\l,V^)®V\l,-y/^), 

= rHi,i)©v^Hi,-i)©^H^|,i)©v^H^|,-i), (7.11) 
v^A = v\i,i)®v\e^,i)(BV\eli)(BVieli). 

Consider the fixed point subalgebra {V^Y'^i^ = V\l,l) © V\l,-1). Since % is a 4A- 
element of M, its square ^| belongs to the 2B conjugacy class of M |ATLASj . Therefore, 
by the original construction of the moonshine VOA in |FLMj . the subalgebra {V^)^^^'^ is 
isomorphic to the fixed point subalgebra of the Leech lattice VOA V\. It is shown in 
jP] that has four inequivalent irreducible modules which are denoted by and V^^ 
in |FLM] . Since the top weights of irreducible V^-modules belong to Z/2, the inequivalent 
irreducible (y'')^^«^-modules are given by the list below: 

yHi,i)©^Hi,-i), v\i,V^)®v\i,-V^), ^ ^ 

v\eli)®v\9i-i), v\9lV^)®v\ei-^/^). 

It is shown in |H2] that there are two inequivalent simple extensions of V^; one is the 
moonshine VOA V"^ = Vj^<S)V^~^ and the other is Va = Va®'^a ■ have the following 

isomorphisms: 

c^V\l,l)®V\l,-l), c^V\l,V^)®V\l,-V^). (7.13) 

We shall prove that ^|-twisted orbifold construction V2B in (17. lip is isomorphic to the 
Leech lattice VOA Va. For this, it is enough to show the following. 

Lemma 7.12. The top weight ofV^O"^, —1) is 1 and the dimension of the top level is 24- 

Proof: Recall the 1/16-word decomposition (17. 9p of V\9'^,—l) as a module over Vco. 
It contains a Vco-submodule 

(V-^)(0'1)KMco(0,k) = Mco(0,/€) = Vco+,. 

By a straightforward computation we see that there are exactly 24 weight two codewords 
in the coset C° + k and the support of each is one of the following: 

{1,9}, {2,10}, {3,11}, {4,12}, {5,13}, {6,14}, {7,15}, {8,16}, 

{17, 25}, {18, 26}, {19, 27}, {20, 28}, {21, 29}, {22, 30}, {23, 31}, {24, 32}, (7.14) 

{33, 41}, {34, 42}, {35, 43}, {36, 44}, {37, 45}, {38, 46}, {39, 47}, {40, 48}. 

Therefore, the top weight of V^O"^, —1) is 1. Then by the list of irreducible V^-modules 
in (I7.12p . the dimension of the top level of V^O"^, —1) must be 24. Or, one can directly 
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check that all Ky^^ Mco(0, k) has the top weight greater than 1 for any non-zero 

a G by considering their F-module structures. I 

Since the top weights of and are 1 and 3/2, we have the remaining isomor- 
phisms as follows. 

~ v^el 1) © v\el -1), " ~ v^{el © v^el -V^). (r.is) 

Therefore, the 6'|-twisted orbifold V2B is isomorphic to Va. 

Remark 7.13. One can identify V2B with the Leech lattice VOA without the isomorphisms 
in (17.131) and f l7.15p . For, V2B can he defined as a framed VOA with structure codes 
{C^UC^U{C^ + k)U{C^ + k),!)^) by Theorem \5.11\ which is holomorphic by Corollaru \5.1(K 
It follows from ( ]7.14p that V2B contains a free bosonic VOA associated to a vector space 
of rank 24- Then V2B is isomorphic to a lattice VOA associated to an even unimodular 
lattice by ILiX)^ . Since the weight one subspace of V2B is 24- dimensional, V2B is actually 
isomorphic to the lattice VOA associated to the Leech lattice. Similarly, one can also 
show that = V'^{1, 1) is isomorphic to a Zi2-orbifold V^ of a lattice VOA Vl for 

certain sublattice L of A. For, we know that ^^(1,1) © \^^(6'|,— 1) forms a sub VOA 
of V2B isomorphic to a lattice VOA again by ILiX^ . Since V\l,l) is a 'Z2-fixed point 
subalgebra o/y''(l,l) © V^O"^,—!) under an involution acting on 1^^(6*1,— 1) by —1, we 
have the isomorphism as claimed. This isomorphism is first pointed out by Shimakura 
from a different view point. 

Next we consider the proper 6'^-twisted orbifold construction in f l7.1ip . Let a & T>^ 
be arbitrary. We can find the following Vco-submodule in V^a- 

U ■.= Vco(BVci+.(B{{V^Y''^-^^ K Mco(e,0)}©{(y^)("'^) M Mco{^,k)}. 

Lemma 7.14. There exists a unique structure of a framed VOA on U . 
Proof: Set t/° := Kjo © Vci+^ and 

Iji {(y^)(«,-v^) ^ Mco(e,0)}©{(l^^)("'^) M Mco(e,/€)}. 

Then is a code VOA associated to C^U{C^ + 1%) and is an irreducible [/"^-module with 
the 1/16-word a+^. Clearly the top weight of is integral. The dual code of C^U{C^ + k) 
is given by U {T>^ + C.) and it is straightforward to verify that U (T>^ + ^) is triply 
even, i.e., wt(a) is divisible by 8 for any a G U (T>^ +0- Therefore, (C° U {C^ + K,))a+^ 
contains a doubly even self-dual subcode w.r.t. a + C, hj Remark 15.131 Then by Lemma 
151] ?7 = f/° © f/^ forms a framed VOA. I 
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By the lemma above, we can apply the extension property of simple current extensions 
in Theorem 12.71 to define a framed VOA structure on V^a with structure codes (C° U (C^ + 
U [V^ + 0)- We know that V^a is holomorphic by Corollary 15.101 We shall prove 
that V4A is isomorphic to the moonshine VOA On V2B = V\l,l) © V"^(l,-1) © 
V\el 1) © V\el -1), define ^1,7/^2 e Aut(V2B) by 



Then both of ipi, ■ip2 are involutions on V2B by the fusion rules in Proposition 17.111 

Lemma 7.15. The fixed point suhalgehras Vg^^^^ and Vi^^^"^ are isomorphic to the Z2- 
orbifold subalgebra of the Leech lattice VOA. 

Proof: We have shown that V2B is isomorphic to the Leech lattice VOA Va. By f l7.13p . 
the fixed point subalgebra V^''^^^ is isomorphic to the Z2-orbifold V^. So it remains 
to prove that Vg^^^^ is isomorphic to V^^^^ Since the weight one subspace {V2b)i of 
V2B is a subspace of V^O"^,—!) by Lemma |7.12[ both ipi and ip2 acts as —1 on (V2b)i. 
The weight one subspace of V2B generates a sub VOA isomorphic to the free bosonic 
VOA Mca(O) associated to the linear space CA = C®zA. Since ipiip2^ trivially acts 
on the weight one subspace of V2B, 4'i4'2^ commute with the action of Mca(O) on V2b- 
Therefore, ijjiip2^ is a linear character ph = exp(27rV— 1 ^(o)) ^ Aut(V2_B) induced by a 
weight one vector h G (V2b)i. Since 'ipi = ^^2 = —1 on the weight one subspace, we 
have ipiPh = p-h^i = pl^^i for z = 0, 1. Then = ph^2 = Ph/2Ph/2i^2 = Ph/2'^2Ph}2 
that ipi and ip2 are conjugate in Aut(V2_B). From this we have the desired isomorphism 



Ph/2 : {V2bY^'^ ^ {V2bY'^'^. I 
Corollary 7.16. There exists p G Aut((\/^)<^«>) such that V\l, -ly ~ V^iOj, 1). 

Proof: Since V^{1,1) C Ph/2{V2B)^^"^ n iV2B)^^'^ = (^2i?)<^'^^ n iV2B)^^'\ Ph/2 keeps 
(^y^Y^i) = V\l, 1) invariant. Thus the restriction of ph/2 on is the desired auto- 



By the classification of irreducible modules over and the fusion rules in Proposition 
17. lit the irreducible untwisted (V2B)^'^^^-niodules are as follows. 



1 on y^(l,l) ©\/^(l,-l), 

1 on v\eii)(BV\ei-i), 



and 




morphism. 



A 



A 



V\6^,-l)®V\dl-l). 
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Actually, the isomorphisms above are induced by p G Aut((V^)^^f^) defined in Corollary 
17.161 By the isomorphisms above, the space 

= v\i, 1) © v\e^, 1) © v\el i) © v\el i) 

is a Z4-graded simple current extension of {V'^Y^^^ and isomorphic to V'^ = © V^"*" as 
a (V^)^^f ^-module. Since both V^a and are simple current extensions of {y'^Y^^\ these 
two VOA structures are isomorphic. Therefore, we have obtained our main result in this 
section. 

Theorem 7.17. The VOA V^a obtained by the 4A-twisted orbifold construction ofV'^ is 
isomorphic to 
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